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摘    要 

基于笛卡尔的最小二乘逆时偏移（LSRTM）旨在通过计算和求解 Hessian 矩阵获得

相对高分辨率和保幅的成像。此外，共轭梯度算法被证明是一种有效的迭代方法，这使

得传统的 LSRTM 在实际数据处理应用中是可行的。LSRTM 的每个迭代过程包括两个

主要部分；第一部分是波场的正演模拟，第二部分是波场的反向传播。然而，这两部分

的计算需要花费大量时间，并且在计算过程中会出现过采样效应。本论文对伪深度域

LSRTM 方法进行了研究，给出了该方法波场外推的信息，获取了保幅的图像，并且该

方法有较低的内存和时间成本。 

地震勘探面临的地下介质通常包括低速体、高陡构造和孔隙裂隙单元。在模拟这些

介质中的地震波场时，为了保证有限差分法的模拟精度和计算稳定性，需要非常小的网

格间距，这导致了传统的笛卡尔坐标系有限差分正演模拟方法的过采样问题。为了克服

这一问题，将伪深度域算法应用于 LSRTM，以提高其计算效率。伪深度域波场稳定是

因为引入了映射函数和速度，还有垂直轴算子，并将有限差分解从时间域转换为频率域。

稳定性和收敛性分析表明，除了映射速度之外，黎曼轴的空间导数还应该通过傅里叶伪

谱方法来近似，该方法使用一种特殊的类高斯脉冲函数来生成有限差分算子内复数震源

项的向量矩阵，它是初始输入速度模型的微分形式，控制相关黎曼有限差分算子的 CFL

条件。合成数据的例子表明，这种方法在推导平滑的黎曼波场时更加稳定和高效，同时

保持了 Claerbout 地下反射体的定位原则，也为新纵轴选择了合适的采样率，该采样率

与脉冲小波的最大频率成反比，与给定模型中的最小速度值直接相关。 

LSRTM 波场外推法采用二维常密度声波方程，通过考虑速度场分布的变化，将其

转换为相应的伪深度域，从而解决真深度域的过采样问题。对于笛卡尔坐标系中的每个

点，伪深度域中都有一个对应点。因此，我们可以通过笛卡尔到伪深度映射函数，在新

坐标系下对重建的有限差分模拟波场进行插值和重塑。无论采用何种有限差分算法和边

界条件，伪深度域的波场外推都能保证较高的精度和效率。通过对合成数据和实际数据

的测试，与传统的 LSRTM 结果相比，伪深度域 LSRTM 在保幅成像方面显示出巨大的

潜力。另一方面，伪深度域 LSRTM 在计算效率和计算精度方面也有很大优势。 

关键词：地震偏移、波场传播、有限差分模拟、伪深度域波场、波场外推、LSRTM

算法 
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Abstract 

 

The Cartesian-based least squares reverse time migration (LSRTM) aims to obtain a 

relatively high-resolution amplitude preserving imaging by calculating and solving the Hessian 

matrix. In addition, conjugate gradient algorithm is proved to be an efficient iterative method, 

which makes the traditional LSRTM feasible in practical data processing applications. Each 

iteration process of LSRTM includes two main parts; The first part is the forward simulation of 

wavefield, and the second part is the back propagation of wavefield. However, the calculation 

of these two parts takes a lot of time, and oversampling effects will occur in the calculation 

process. The thesis develops a smooth understanding of the LSRTM scheme in pseudodepth 

domain and gives information about this type of wavefield extrapolation method to achieve 

amplitude-preserved image with low computational costs in terms of memory and time. 

The underground media faced by seismic exploration usually include low velocity bodies, 

high steep structures and pore fracture units. When simulating the seismic wavefield in these 

media, in order to ensure the simulation accuracy and computational stability by finite 

difference methods, the grid spacing needs to be very small, which leads to the oversampling 

problem of the traditional finite difference forward simulation method in Cartesian coordinate 

system. In order to overcome this problem, the pseudo depth domain algorithm is applied to the 

least-squares reverse time migration to improve its computational efficiency. The problem of 

stabilizing this Pseudodepth wavefield arises from the introduction of the mapping function and 

velocity and also the vertical axis operator that converts the finite difference solution partially 

from time into frequency domains. Stability and convergence analysis suggests that the spatial 

derivatives of Riemannian axis should be approximated by a mixed Fourier pseudo-spectral and 

ordinary finite-difference schemes methods using a special Gaussian-like impulse function to 

generate the vector-matrix of the complex source term within the finite-difference operator, in 
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addition to the mapping velocity, which is a differential form of the initial input velocity model, 

manifestly controls the CFL conditions of the associated Riemannian-finite difference operator. 

Numerical and synthetic examples indicated that this approach is more stable and efficient in 

extrapolating a smooth Riemannian wavefield while maintaining Claerbout’s principle for 

locating subsurface reflectors also choosing an appropriate sampling rate for the new vertical 

axis is related inversely by the maximum frequency of the impulse wavelet and directly with 

minimum velocity value in the given model. 

The LSRTM wavefield extrapolation usually uses the two-dimensional constant density 

acoustic wave equation, by considering the change of velocity field distribution, and converts 

it to the corresponding pseudodepth domain, so as to solve the oversampling problem in the 

true depth domain. For each point in the Cartesian coordinate system, there is a corresponding 

point in the pseudo depth domain. Therefore, we can interpolate and remodel the reconstructed 

finite difference modelled wavefield in the new coordinate system through the Cartesian-to-

pseudodepth mapping function. Regardless of the applied finite difference algorithm and 

boundary conditions, wavefield extrapolation in pseudodepth domain can ensure high accuracy 

and efficiency. Through the test of synthetic and actual data, compared with the traditional 

LSRTM results, pseudodepth domain LSRTM shows great potentiality in amplitude preserving 

imaging. On the other hand, pseudodepth domain LSRTM has great advantages in 

computational efficiency and ensures computational accuracy. 

Key words: Seismic Migration, Wavefield Propagation, Finite Difference Modeling, 

Pseudodepth Domain Wavefield, Wavefield Extrapolation, LSRTM algorithm 
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Chapter 1 Introduction 

1.1  Research Significance and Background 

Earth’s subsurface in reality has more attenuative features that mask the geological 

structures than what the properly processed seismic images tell. The objective of seismic data 

processing is to make out most of the recorded energy which helps interpreters to detect, design 

and optimize the petroleum system structures. This thesis focuses on one tiny step from the 

hierarchy of seismic data processing workflow that deals with migration methods and 

algorithms, which is converting the wave equation to pseudodepth domain and applying 

LSRTM on seismic data, yet accurate velocity information and images were obtained using this 

time-domain method. Sava and Fomel [1-4], Shragge [5-7], Sun [8] and Ma & Alkhalifah [17] 

formulated and studied the pseudodepth domain conversion of the wave equation strategy to 

implement wavefield extrapolation in pseudodepth domain. Reverse-time migration, as known, 

is a Two-Way Wave Equation migration method that fully obeys the wave equation. Because 

this wave equation can be approximated numerically it can image waves in all propagation 

paths and even accurately image high and steep geological structures. It is considered to be an 

imaging method with a high accuracy and its capable of handling subsurface strong lateral 

velocity changes. 

In the case of complex underground structures and in order to obtain high-precision 

imaging results of multiple [10] the least-squares reverse-time migration method can be used to 

image multiple reflections. Dai [11-16], Sava and Fomel [1-4], Shragge [5-7] Ma and Alkhalifah [9,17], 

Yao [18] comprehensively formulated and implemented the least-squares representation of 

Reverse-Time Migration (i.e., LSRTM) in both cartesian and pseudodepth domains, which is 

based on the same principles of least-squares Shot-profile migration, and it is considered as the 

most advanced seismic migration technique. The Least-Square Reverse-Time Migration 

methods based on the pure qP-wave equation in VTI media, significantly suppresses the 

migration noises, balances the signals amplitude and improves the images resolution [19]. On 

the other hand, LSRTM imaging of multiple reflections in viscoacoustic media based on a 

viscoacoustic wave equation can provide more accurate information about the subsurface 
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structure [10]. 

Since RTM utilizes only the conjugate transpose of the forward operator, not the inverse 

operator, it can only provide relatively vague structural information, and cannot provide 

accurate amplitude information, and the amplitude is unbalanced in addition the deep effective 

energy cannot be identified in the trace; the low-frequency noise in the imaging results is not 

clear thus it is masking part of the structural information. 

With the development of seismic exploration technology, petroleum companies become 

having higher and higher demands for the quality of seismic images. Least-squares reverse 

time migration in pseudodepth domain is achieved by converting the velocity field from 

cartesian to pseudodepth domain and then performing the migration. However, recovering true 

earth’s reflectivity image while minimizing the computational and memory requirements 

devour a lot when applying the conventional least-squares reverse-time migration, thus 

pseudodepth domain conversion have been proposed and can reduce it through numerical 

simulations of the wavefield in the pseudodepth domain. Another advantage of the pseudodepth 

domain conversion, is that can be applied to least-squares reverse-time migration is, when 

calculating the finite difference algorithm-wavefield after converting the velocity field from 

depth to pseudodepth domains, then the total vertical sampling number reduced dramatically 

and therefore oversampling effect can be avoided when calculating the wavefield in 

pseudodepth domain for both near surface and deep sections, which leads to a higher efficiency 

of least-squares reverse-time migration. The propagation of the seismic wavefield in 

pseudodepth domain is mainly affected by; the type of the boundary conditions used and the 

Courant-Friedrichs-Lewy (CFL) condition, that depends on the time step size and the mapping 

velocity, which in turns, relates the projection between the Cartesian and pseudodepth domains 

and its well-known the CFL condition is quite large near the origin, and then satisfying it is a 

serious issue to stabilize the pseudodepth domain wavefield reconstruction. 

Faced with increasingly complex underground exploration targets, oil and gas exploration 

requires higher and higher precision in seismic data processing. By constructing an optimal 

imaging algorithm to depict the subsurface true reflectivity, least-squares reverse-time 

migration algorithms in pseudodepth domain can be obtained by adjusting the wavefield 
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propagation and its boundary conditions, and finally the reflectivity image of seismic data 

becomes with high fidelity, higher resolution and better signal-to-noise ratio SNR, which can 

provide reliable information sources for later exploration and development plans. 

In processing field data in industry, huge computational cost still remains an obstacle to 

the application of least-squares reverse-time migration for both 2D and 3D data sets. Therefore, 

further investigations on least-squares reverse-time migration in pseudodepth domain must be 

conducted to provide better projection from cartesian to pseudodepth domains according to the 

velocity distribution and stability conditions in Finite Difference-based wavefield calculations. 

1.2  Research Status Inside and Outside China 

1.2.1  Research Status of Reverse-Time Migration Methods 

With the deepening of oil and gas exploration, development and the increasing complexity 

of exploration targets, 3D seismic migration and high-precision 3D seismic acquisition are 

becoming widely used in the actual production. Reverse-time migration is formulated and 

implemented for and introduced into the world of geophysics by Baysal in 1983 [20]. Kjartansson 

[21] presented a linear model for attenuation of waves with the portion of energy lost during each 

cycle or wavelength, exactly independent of frequency, and suggested that the velocity 

dispersion associated with anelasticity may be less ambiguously observed in the time domain 

than in the frequency domain. The connection between the gradient of least-squares objective 

function and migration algorithm had been already derived [22]. For a true-amplitude migration, 

however, the gradient needs to be pre-multiplied by the inverse of the Hessian matrix of the 

least-square misfit, whose size and nondiagonal structure make it unfeasible to evaluate its 

inverse for real seismic data. Baysal [20] and Bleistein [23] indicated that Reverse-Time Migration 

calculation is through a reverse time extrapolation where we apply migration from the last 

sampling time. 3D acoustic pre-stack reverse-time migration algorithm using a second-order 

finite-difference solution of the full 3D scalar wave equation gave proper results [24]. 

The independency of time-related seismic processing (i.e. moveout correction, dip 

moveout (DMO), and time migration) from the ratio of the vertical P- and S-wave velocities 

[25]. In performing reverse-time migration of reflection seismic data, the wavefield is obtained 

by time reversing the surface-recorded data and then backward propagating them to the reflector 
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at subsurface, which enables us to understand the wave attenuation and amplitude loss processes, 

and Bleistein [23] came out with a new algorithm that requires performing reverse-time pre-stack 

depth migration technique by using a stable amplifying finite-difference wavefield 

extrapolation. 

The vertical P-wave Velocity also represented the image in vertical time axis in VTI media 

as opposed to conventional depth axis [25]. In this new frequency domain, the ray tracing and 

eikonal equations are completely independent of the vertical P-wave velocity, with the 

condition that the ratio of the vertical to normal moveout (NMO) P-wave velocity is laterally 

invariant. Depth migration methods that combing the full-wave reverse time calculation and 

local one-way propagation reduces the size of the output files which is important when dealing 

with large 3D models [26]. Deng [27] Presented a new pre-stack depth-migration method that uses 

the framework of reverse-time migration to compensate for geometric spreading, intrinsic Q 

losses, and transmission losses but on the other hand, elastic RTM was introduced to enhance 

RTM results using Elastic-waves, by Denli [28] however, conventional imaging conditions used 

in Elastic-RTM have two major drawbacks that result in severe image artifacts. One is caused 

by the conventional imaging of the full waves and another is caused by the polarizations 

between P and S waves. Denli also [28] introduced in their E-RTM scheme a new concept to 

eliminate these drawbacks. It is based on the separation of wavefields with respect to a given 

direction and the separation of the wavefields is carried out using an approach for separation of 

VSP upgoing/downgoing wavefields. Their results effectively eliminate image artifacts of 

conventional Reverse-Time Migration methods. A new proposed method for compensating the 

Q effects in reverse time migration imaging relying upon running acoustic propagators twice to 

estimate attenuated travel-times along wave-paths that are then used to filter the conventional 

source and receiver wavefields to compensate for amplitude and phase effects prior to imaging 

[29]. 

On the other hand, Fomel & Kaur [30], constructed a time-migrated image without relying 

on any kind of traveltime approximation, by formulating an appropriate geometrically accurate 

acoustic - wave equation in the time-migration domain, which gives the propagation velocity 

in image-ray coordinates a non-expensive solution of the velocity model building, and can be 

approximated by quantities that are estimated in the conventional time-domain processing flow. 
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1.2.2  Research Status of Least-Squares Reverse-Time Migration Methods 

The formulation of Least-squares reverse-time migration (LSRTM) have finally been well 

established in 2010 [31] which is based on the same principles as Least-squares Shot-profile 

Split-step Migration, in this context the plane-wave least-squares reverse-time migration 

(LSRTM) is formulated with a new parameterization, where the migration image of each shot 

gather is updated separately and an ensemble of pre-stack images is produced along with 

common image gathers. The empirical results from numerical tests on [32] Marmousi2 model [14] 

and a marine field data set showed that least-squares reverse-time migration in the plane-wave 

domain compared with standard reverse-time migration, produces high quality seismic images 

efficiently with less artifacts and better spatial resolution. Moreover, the pre-stack image 

ensemble accommodates more unknowns to makes it more robust than conventional least-

squares migration in the presence of migration velocity errors. Compared with cross-correlation 

imaging condition, excitation amplitude imaging condition for pre-stack reverse-time migration 

reduces the memory consumption of source wavefield storage, and obtain higher resolution 

imaging results [33]. 

Li et al. [34] presented the theoretical derivation of transmission loss of LSRTM under the 

condition of variable density, estimated the reflection coefficient related to angle, and used 

Poynting vector to calculate the wave propagation direction, and then compensated the 

transmission loss. Nguyen and McMechan [33] proposed an approach to generate the true-

amplitude RTM common-shot image by incorporating the directional fold correction into the 

receiver wavefield extrapolated by the true-amplitude Kirchhoff common-shot inversion 

formula. The LSRTM method has been improved through extensive researches worldwide 

including the introduction of the linear viscoacoustic operator derivation for viscoacoustic 

LSRTM. Stovas and Alkhalifah [35], Alkhalifah [36] extended moveout approximations from VTI 

to TI case which can be easily used for modeling and inversion in a layered TTI medium and 

derived analytical formulas to describe the diving wave’s behavior and travel-time in a constant-

gradient medium. The other category of inversion methods expresses the reflected wavefield in 

terms of the linear relationship of reflection coefficients or perturbations of model parameters. 

Then the reflection coefficients or the perturbations of model parameters are estimated from 

recorded data by an inversion approach. For example, Born inversion [22] estimates the 
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perturbation of angle-independent medium parameters, whereas Kirchhoff inversion [23] 

estimates angle-dependent reflection coefficients from seismic data with high-frequency 

asymptotic. In fact, high frequency asymptotic is a powerful tool to derive various migration 

weights for true-amplitude ray-based migration methods [37]. However, the implementations of 

these migration algorithms, which rely on ray tracing, may break down for complicated medium. 

Shragge [5], proposed a generalized solution to the 3D acoustic wave equation. The 

developed numerical implementation is similar to the established Cartesian approaches, save 

for a necessary introduction of weighted first- and mixed second order partial-derivative 

operators that account for spatially varying geometry. Ma and Alkhalifah [17], wrote about and 

formulated the conversion of the vertical axis in the seismic data of the conventional domain 

from depth to vertical time or pseudodepth to create a non-orthogonal Riemannian coordinate 

system known as pseudodepth domain then extrapolated the isotropic and anisotropic 

wavefields in the new coordinate frame that resulted in better improved efficiency and good 

consistency in comparison to Cartesian domain extrapolation results. Dutta and Schuster [29,33] 

introduced a linearized inversion method, denoted as Qp-LSRTM to correct for this distortion 

of migration images in highly attenuative geologic environments using linearized viscoacoustic 

modeling operator for forward modeling during the least-squares iterations. Similar to standard 

LSRTM, the sensitivity tests for background velocity and Qp errors revealed that the liability 

of this method is the requirement for smooth and accurate migration velocity and attenuation 

models. Sun et al. [8], applied Least Squares reverse time migration in pseudodepth domain by 

converting the velocity field from depth domain to pseudo domain and then calculating the 

wavefield in pseudodepth domain. In addition, they investigated the first order approximation 

of linear Born approximation and calculated the velocity gradient (LSRTM as independent from 

wavelet signature) from a cross-correlation between observed and simulated data. Cheng et al. 

[38], stated that: adding Q- effect into the least-squares migration process can compensate for 

amplitude loss due to attention in the gas zone and can correct the image phase, also they 

investigated the application of image-domain least-squares Kirchhoff migration and least-

squares Kirchhoff Q migration with adaptive curvelet-domain matching filters, used as an 

inverse Hessian operator. 

Yang and Zhu [39], developed a viscoacoustic least-squares reverse-time migration 
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(LSRTM) method based on a time-domain complex-valued wave equation, by linearizing the 

viscoacoustic wave equation and derived a de-migration operator then, using the complex-

valued Lagrange multiplier method, and derived the adjoint viscoacoustic wave equation and 

corresponding sensitivity kernel. Yang [40] utilized a LSRTM scheme based on the subsurface 

offset, extended imaging condition and least-squares extended reverse time migration (LS-E-

RTM), to provide a better solution when large velocity errors exist. By introducing an extra 

dimension in the image space, LSERTM can fit the observed data even when significant errors 

are present in the migration velocity model. Yang and Zhu [39], stated that in the LSRTM 

definition regarding the incidence reflection coefficient related-reflectivity-model, they 

rescaled the defined reflectivity with background velocity. Also, in source wavefield 

reconstruction, they use an effective trick by moving file pointer to fetch data from disk to 

reduce the memory costs. Xu [41] developed a truncated Gauss-Newton RWI method consisting 

of two nested loops for velocity modelling that can be utilized effectively in imaging and 

inversion. 

Zand [42] evaluated the imaging condition (to the forward propagated source wavefield and 

the backward propagated adjoint wavefield) only at a randomly selected subset of spatial grid 

points (compressed imaging) and then efficiently reconstruct the full image from the imaged 

points via compressed sensing theory. This theory combines the compressibility characteristics 

of seismic images and convex optimization tools for the reconstruction. They use the second-

order total variation regularization for the reconstruction and, different numerical tests from 

RTM and FWI to show that their new method allows a significant reduction in wavefield storage, 

while still recovering the full image accurately. Lin [43], applied the first-order scattering wave 

equation as a penalty term to the LSRTM objective function to avoid the inversion results 

contaminated by artefacts, that caused by a strong scattering interface to a high-order scattered 

waves from strong scattering interfaces, in turn this penalty term can suppress the artefacts 

caused by the weak scattering hypothesis of the Born approximation. 

To improve diffraction imaging Li [34], have adopted a periodic plane-wave least-squares 

reverse time migration method for diffractions to improve the image quality of heterogeneities 

by reformulating diffraction imaging as an inverse problem using the Born modeling operator 

and its adjoint operator derived in the periodic plane-wave domain. Compared with RTM, this 
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re-weighted least-squares algorithm produces better images with fewer artifacts, higher 

resolution, and more balanced amplitude. As well known the anisotropic properties of 

subsurface media, in seismic wave propagation, cause waveform distortions, resulting in a 

negative influence on seismic imaging. A least-squares reverse time migration (LSRTM) 

algorithm based on the pure qP-wave equation in vertically transverse isotropic media is 

proposed [19] using a mix of finite difference and fast Fourier transform method and derived the 

corresponding de-migration, migration operator and gradient to update the formula of the 

LSRTM and the proposed method showed considerable correction effects for the travel time 

deviation caused by underground anisotropic media. Li [10] proposed LSRTM of multiples in 

viscoacoustic media based on a viscoacoustic wave equation to avoid incorrect waveform 

matching during the inversion. The advantages of this method are; compensating for the 

amplitude loss and phase change, which cannot be achieved by traditional RTM and LSRTM 

of multiples, it also provides more information about the subsurface with fewer crosstalk 

artifacts by using multiples compared with the viscoacoustic LSRTM of primaries. 

Mu [44] proposed a new time-domain viscoacoustic wave equation for simulating wave 

propagation in anelastic media, which represents an extremely accurate approximation in 

imaging earth model through wave equation migration methods; LSRTM and RTM. It can be 

solved and stably propagated by a pseudo-spectral/finite-difference method to reduce the 

calculation costs effectively. The works on this newly formulated time‐domain viscoelastic 

wave equation [44] for seismic wavefield modelling will definitely give a comprehensive 

implementation of the LSRTM methods, since it introduces several parameters in time and 

frequency domains, thus it can make the whole LSRTM scheme in pseudodepth domain very 

stable. On the other hand, Sun [45] used the Kronecker decomposition algorithm to estimate the 

Kronecker factor of the Hessian matrix which is the subject of study in implementing all 

LSRTM algorithms, and they showed proper enhancement in the extracted migrated images. 

A generalized anisotropic elastic least-squares reverse time migration (E-LSRTM) uses the 

numerical solutions of tensorial elastodynamics for propagating wavefields in computational 

domains influenced by free-surface topography. Recent techniques have been proposed, after 

the introduction of the physics-informed neural network by Raissi [46] to implement deep 

learning and machine learning in obtaining the seismic wavefield and applying it on RTM, 
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LSRTM and FWI (Alkhalifa and Song [47-48]; Alzahrani and Shragge [49-50] and Li Y. [51-52]). The 

machine-learned functions constrained by the Helmholtz equation is chosen to be implemented 

for solving the wave equation, which is used in seismic imaging and the size of the network 

depends mainly on the complexity of the desired wavefield, yet with such complexity increasing 

with increasing frequency and increasing model complexity. Generally, a hyperbolic tangent 

activation is used with physics-informed neural networks (PINNs) to solve the frequency-

domain wave equation, however, Song [53] used adaptive sinusoidal activation function to 

optimize the training process to generate frequency-domain wavefield solutions that satisfy 

wave equations. Moreover, the usage of the neural network (NN) is trained on random input 

points in space and variance of the Helmholtz equation for the calculation of the scattered 

wavefield can be implemented as the loss function to update the network parameters in high-

dimensional wavefield solutions based on neural network functions. The machine-learned 

functions constrained by the Helmholtz equation is chosen to be implemented for solving the 

wave equation, which is used in seismic imaging and the size of the network depends mainly 

on the complexity of the desired wavefield, yet with such complexity increasing with increasing 

frequency and increasing model complexity [50]. 

Generally, a hyperbolic tangent activation is used with physics-informed neural networks 

(PINNs) to solve the frequency-domain wave equation, however, Song [53] used adaptive 

sinusoidal activation function to optimize the training process to generate frequency-domain 

wavefield solutions that satisfy wave equations. Moreover, the usage of the neural network (NN) 

is trained on random input points in space and variance of the Helmholtz equation for the 

calculation of the scattered wavefield can be implemented as the loss function to update the 

network parameters in high-dimensional wavefield solutions based on neural network functions 

[49-50]. 

1.3  The Main Research Contents of the Thesis 

Based on the theoretical framework of least-squares reverse-time migration in 

pseudodepth domain methods, this thesis analyzes and optimizes the current migration scheme 

of the obstacles usually faced in field data, from the perspective of acquisition and processing, 

and effectively increase the computational efficiency of the data based on the proposed 
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algorithm. The specific research contents are as follows: 

Chapter One Introduction. This chapter mainly introduces the research background and 

research significance of the thesis, and conducts a general survey on the current situation of 

high-efficiency RTM and LSRTM technologies based on finite difference algorithm and Born 

modelling summarizes the main research content of the thesis, and points out the innovation 

of this work. 

The second chapter is the basic theory of Least-Squares Reverse-Time Migration. This 

chapter introduces the principle and basic framework of least-squares reverse-time migration 

theory, and describes in details the Green’s Function Theorem, Born Approximation Theorem, 

the wave equation, finite difference scheme and boundary conditions, Least-Squares Migration 

scheme and Conjugate Gradient Algorithm to solve the inversion problem. This chapter mainly 

provides the theoretical basis for the follow-up in-depth research provided with examples from 

synthetic models and industrial field data. 

The third chapter is about the Pseudodepth Acoustic Wavefield. The properties, 

propagation and requirements of the pseudodepth conversion of the wavefield in the LSRTM 

framework is introduced in details, and the commonly used types of pseud-depth conversion 

strategies in the field of seismic exploration are carefully introduced. Designing the migration 

algorithm with a proper sampling rate, mapping velocity, conjugate gradient algorithm and 

accurate finite difference operator converge the pseud-depth domain LSRTM results toward 

true amplitude in fewer time provided with some aspects on the stability analysis of the 

Riemannian domain - finite difference scheme that is widely used to stabilize the wavefield 

propagation. 

The fourth chapter studies the actual applications of Least-Squares Reverse-Time 

Migration in pseudodepth domain on seismic data, and also introduces the idea of implementing 

the pseudodepth domain reverse-time migration by symbolizing the wave equation in vertical 

time. This method uses the vertical time coordinate frame to generate the synthetics to increase 

the time efficiency through a minimized-iterative Least-Squares Reverse-Time Migration in 

pseudodepth domain algorithm. In this thesis I only use the pseudodepth domain wave equation 

in isotropic media and implement it on both synthetic models and industrial field data. This 

thesis is mainly about the implementations of the Least-Squares Reverse-Time Migration in 
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pseudodepth domain and give insights on how to stabilize both cartesian-based and 

pseudodepth-based domains LSRTM methods. Taking into consideration previous 

implementations, here I present implementations of the pseudodepth domain conversion 

strategy to LSRTM methods, for a wide spectrum of seismic data, then Least-Squares Reverse-

Time Migration in pseudodepth domain scheme will become more mature.
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Chapter 2 Basic Theory of Least-Squares Reverse-Time 

Migration 

2.1  Outlines 

The proposal of reverse-time migration in 1983 brought geophysicists into the door of a 

cutting-age migration technology. After decades of accumulated research on RTM algorithms, 

the data generated by finite difference modelling from initial velocity models have built very 

accurate results from a trickle to a larger torrent. At present, with the progress and development 

of various migration algorithms, the high computational costs of traditional least-squares 

reverse-time migration methods and the problem of large amount of data needs to be solved 

urgently. In the field of seismic oil and gas exploration, the rise of high-density seismic data 

processing has also led to a sharp increase in the amount of data volume, which makes the 

storage and transmission of seismic signals more difficult. 

The basic strategy used for cartesian-based least-squares reverse-time migration is as 

follow: firstly, a velocity model and proper source wavelet are input to generate synthetic 

seismic data using finite difference modeling. The generated seismic data and velocity model 

then are used to perform LSRTM to obtain the imaging result, which is also considered to be 

an iteratively calculated reflectivity model. Finally, the validity of least-squares reverse-time 

migration result is verified using a comparison between the original reflectivity model and the 

calculated one. The flowchart below in Figure 2-1 [53] summaries the conventional steps 

required to obtain cartesian-based least-squares reverse-time migration results. 

In order to successfully carry out the research on the effective utilization of LSRTM, it is 

necessary to have a deeper look and understanding of its basic mathematical and physical 

theories. This chapter first introduces the generation mechanism and type classification of 

multiples, and then introduces the backbones of LSRTM theory, which lays a theoretical 

foundation for the subsequent numerical simulation and migration examples. 
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Figure 2-1 General workflow of LSRTM [53] 

2.2  Theoretical Framework of Least-Squares Reverse-Time Migration 

Migration is a method of imaging subsurface structures through seismic reflection data. 

The classic cross-correlation imaging method proposed by Clearbout in 1997 [54] is based on 

the principle that for shot-domain migration the source wavefield of forward propagation and 

the reverse propagation can be passed. The receiver-side wavefield cross-correlation is used to 

determine the position of the reflecting interface. However, since the migration operator is only 

the conjugate operator of the forward operator, not the inverse, it can only provide relatively 

reliable structural information, but it will cause blurring of conventional migration imaging. In 

order to make the imaging clearer and improve the influence of acquisition aperture, complex 

model and wavefield bandwidth limitation, the imaging problem is regarded as an inversion 

problem in the sense of least-squares. Incorporating anisotropy and elasticity into least-squares 

migration (LSM) is an important step towards recovering accurate amplitudes in seismic 

imaging [55]. 

This inversion problem can be solved in model domain or data domain. The solution 

method of the model space needs to calculate the Hessian matrix of the misfit function that 

derived from the model parameters. The full Hessian matrix of the misfit function is very large 
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and difficult to calculate in practical applications. Therefore, many scholars have proposed a 

series of approximate solutions to it. The solution of the data domain kind can indirectly 

calculate the Hessian matrix through the gradient iterative method that eventually solve the 

inversion problem. 

In this section, the linearization forward simulation operator is firstly derived based on the 

Born approximation theorem, and then the least-squares reverse-time migration iterative 

algorithm is derived based on the objective function that best matches the migration results with 

the recorded seismic data. 

2.2.1  Green’s Function Theorem 

A green's function is defined as the impulse response of an inhomogeneous linear 

differential operator elucidated on a domain with specified initial conditions or boundary 

conditions. In the frequency domain, the Reverse-Time Migration of a shot gather ( )|g sd x x  

can be shown as in Dai[11-15]: 

( ) ( ) ( ) ( )2| ( ) | | |mig s s g g s

g

m x x S G x x G x x d x x


   = ,           (2-1) 

where ( )sx|xmigm is the migration image of the shot at sx , ( )S  is the source spectrum, gx indicates 

the receiver location, ( )sx|xG is the Green’s function from a source at sx  to x . This Green’s 

function is computed by a specific finite difference solution of the wave equation. The   

indicates complex conjugate. For simplicity, the angular frequency  is silent in the Green’s 

function G  and the data function d  . When the horizontal reflector is extracted from the 

migration images and embedded in the migration velocity model, the conventional RTM can 

precisely migrate the prism waves to image the vertical reflector [55-56]. In this case the Green’s 

function calculated with the migration velocity contains two arrivals: a direct wave arrival and 

a reflection from the horizontal reflector as shown. Therefore, the Green’s functions can be 

decomposed into two parts: 

( ) ( ) ( )1| | |s o s sG x x G x x G x x= + ,                  (2-2) 

and 

( ) ( ) ( )1| | |g o g gG x x G x x G x x= + ,                  (2-3) 
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where 0G and 1G denote the direct and the reflected waves, respectively. Note that in this case 0G

is a downgoing wave and 1G is an upgoing wave. When the data are migrated with the velocity 

model the migration image and is mathematically described by the following equation: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

0 1

0 1 1 2

| | |

| | | |

mig s g g

s s g s g s

m x x W G x x G x x

G x x G x x d x x d x x



   

 

 = +
 

  + + +   


,           (2-4) 

With the assumption that the reflection coefficient is the angle-independent value r, the 

amplitude of the direct wave Green’s function 2G  is on the order of O(1) and the amplitude of 

the reflection wave 1G  is on the order of O(r). In the same way, 1d is with strength of ( )O r . 

The prism wave 2d   is a doubly scattered wave and its amplitude is on the order
2( )O r  . 

Formula of the solution in the four rectangle corner areas’ of the wave equation enables several 

RTM and LSRTM algorithms to be performed since it contains the migration kernels for the 

prism waves corresponding to these near-vertical curves in addition their amplitudes are on the 

order of 
3( )O r [56]. 

2.2.2  Finite-Difference Time-Domain Algorithm Principles 

The theory and applications of Least-Squares Reverse-Time Migration imaging 

technology (i.e. LSRTM) in conventional and pseudodepth domains is greatly established [1-16] 

[44] [57-59]. LSRTM is derived as an objective function that updates the reflectivity model of RTM 

image iteratively either by steepest-descent or conjugate-gradient algorithms [60-61], henceforth 

we must begin our actual LSRTM processing with some fundamental knowledge of Reverse-

Time Migration technology. Reverse-Time Migration (RTM) is a depth migration method 

which belongs to the category of wavefield-continuation migration methods. It has two features: 

first, it constructs wavefields along the time axis instead of depth; this differentiates RTM from 

other wavefield-continuation methods, such as phase-shift and finite difference migration. 

Second, the wavefield extrapolation in RTM is implemented with a two-way wave equation. 

These two features give RTM four advantages. First, RTM adapts to any type of velocity 

variation, second it handles all dips, third it accurately migrates all frequencies, and finally it 

can deal with all types of waves, including prismatic reflections and turning waves. 
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The first three advantages of RTM come as a result of constructing wavefields along the 

time axis while the last one is contributed by using the two-way wave equation. These properties 

have led to RTM becoming the most accurate migration method currently available. RTM was 

first proposed, at that time, it was computationally very expensive, and its application was 

limited to post-stack datasets. Later, the increase of computer speed and decrease in the cost of 

computer facilities, especially low-cost pc-clusters, have allowed RTM to return as mainstream 

pre-stack seismic imaging technique and this in turn has led to an increased research effort on 

the method. Reverse-Time Migration comprises two steps: wavefield extrapolation followed by 

application of an imaging condition. 

The first step of RTM is to simulate the source wavefield and reconstruct the reflected 

wavefield by backward propagating the recorded data. The second step is to cross-correlate 

these two wavefields at the same time level. However, the forward simulation of the source 

wavefield is from 0 maxt t T= → =  , where maxT  is the maximum recording time while the 

reflected wavefield is propagated in the opposite direction in time from 0maxt T t= → = . This 

is a problem because zero-lag cross-correlation imaging condition needs the two wavefields to 

be at the same times. There are several ways to tackle this problem. The first solution is to store 

one time slice of the source wavefield at every k-th step before applying backward propagation 

to the recorded wavefield. The stored source wavefield can then be interpolated using 

something like spline interpolation to provide the source wavefield at the required time level. 

The stored source wavefield can also be resampled in space to further reduce storage space and 

data transfer. 

In contrast to the sampling requirements for the wavefield propagation and according to 

Nyquist’s law, only two samples per wavelength are needed to fully reconstruct the continuous 

wavefield. Thus, the sampling interval for the stored wavefield can be increased to slightly less 

than half the shortest wavelength. The most efficient and effective way to reconstruct the 

wavefield in space is to put zeroes at positions that are to be interpolated, and then apply a low 

pass filter to the wavefield. In this thesis, we focus on 2D data and it is therefore possible to 

reconstruct the source wavefield using this method. Two other solutions which can also be used 

in 3D modelling are to run the forward modelling scheme backwards in time and to use a check 
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pointing scheme to reconstruct the source wavefield [17]. These techniques enable the source 

wavefield and the reflected wavefield to be simultaneously accessed at the same time level 

which in turn facilitates the implementation of the zero-lag cross-correlation imaging condition. 

For post-stack zero-offset RTM, wavefield extrapolation is applied as a back propagation 

of the stacked data. For pre-stack reverse-time migration, however, wavefield extrapolation is 

divided into two sub-steps. One is forward extrapolation to construct the source wavefield at 

each time sample, and the other is back propagation of surface recorded data to reconstruct the 

reflected wavefield at each time sample. For the acoustic wave equation, the first sub-step can 

be expressed as: 

( ) ( ) ( )
2

2

2 2

1
,s sP x t f t x x

v t


 
 − = − 

 
,                (2-5) 

where, 𝑃𝑠 is the source wavefield, 𝑥𝑠 is the source position vector and 𝑓(𝑡) is the source 

function and 𝑣 is the acoustic velocity of the medium that contains the wavefield propagation. 

The second sub-step can be expressed as: 

( )

( )

2
2

2 2

0 0

1
, 0

, ( , )

r

r

P x t
v t

P x t d x t

 
 − = 

 

=

,                     (2-6) 

where, 𝑃𝑟 is the perturbed seismic wavefield and d is recorded data on the surface which is 

used as a boundary condition. Some researchers deal with the recorded data as a virtual source 

instead of a boundary condition. According to the recent simulation, the boundary condition 

keeps the wave front shape of the back propagated wavefield the same as the record one. 

However, the wave front shape of the back propagated wavefield is the same as the integral of 

the record. In Equations (2-5) and (2-6), 𝑃𝑠  and 𝑃𝑟  represent the vertical component of 

particle velocity for geophone recorded data or pressure component of particle for hydrophone-

recorded ones. When applying RTM, the source and the reflected wavefields are extrapolated 

in opposite directions to each other. In particular, the source wavefield is simulated from

0t t T= → =  , but the reflected wavefield is extrapolated from 0t T t= → =  , this procedure 

generates further compilations when implementing the imaging condition. To overcome it, one 

or both type of wavefields is/are pre-calculated to ensure that the imaging condition can access 
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the source and reflected wavefields at the same time step. One method applied to overcome the 

issue is to use source-wavefield reconstruction. 

In implementing RTM, it is clear that the most important step is constructing the synthetic 

seismic wavefield using proper wave equation depending on the available potentialities, 

accordingly the RTM can be renamed as acoustic, Q-compensation or elastic RTMs. When 

implementing acoustic RTM its preferred to use the second-order acoustic wave equation which 

can be expressed as following: 

( ) ( ) ( )
2

2

2 2

1
, sP x t f t x x

v t


 
 − = − 

 

,                (2-7) 

where ( )f x is the source wavelet, and the first-order velocity-pressure acoustic wave-equation 

system is defined as: 

( )
0

1

( )
t

s

P
P

t

P K
K V x x f d

t



 


  

 

= 

=  + − 

,                 (2-8) 

where P is pressure, V is the particle-velocity vector, ρ is the density, and K is the bulk modulus. 

However, because the wave equation depends on velocity, it is impossible to do this analytically 

except for very simple cases. Generally, wavefield extrapolation is always carried out with 

numerical methods, such as finite difference and pseudo-spectral methods. Apart from solving 

the acoustic wavefield, it is also important to eliminate artificial reflections from the model 

boundary. This is because seismic waves propagate into the whole earth, whereas in practice 

the calculations are confined to a limited area. This produces artificial boundaries which in turn 

create secondary artificial reflections. 

In order to suppress these undesired reflections a convenient boundary condition must be 

included in the numerical simulation; otherwise, the reflections generated by the artificial 

boundaries will defile the propagated wavefields. The most effective boundary condition is an 

absorbing boundary condition, called a perfectly-matched layer (PML) boundary conditions. In 

the remaining of this chapter various boundary conditions that are used in solving the wave 

equation will be explained and discussed. 

For Reverse-Time Migration associated wave equation, the main operators are the partial 
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derivatives of the wavefields with respect to time and space. The cost and accuracy of 

calculating the derivatives directly affects the efficiency and effectiveness of the whole RTM 

theory. From a mathematical point of view there are three types of finite differences formulae: 

-Forward Finite Difference: ( ) ( ) ( )F x F x x F x = + + ; 

-Central Finite Difference: ( ) ( 0.5 ) ( 0.5 )F x F x x F x x = +  − −  ; 

-Backward Finite Difference: ( ) ( ) ( )F x F x F x x = − − . 

When the both sides are divided by x  , the finite difference becomes the difference 

quotient
( )F x

x




which in turn can be used to approximate the derivative of a function F(x) with 

respect to x. In implementing Reverse-Time Migration, solving the above-mentioned wave 

equations is the same as approximating the function F(x) by obtaining the derivative of the 

scattered wavefields with respect to time, for example The first-order derivative by a central 

finite difference formula can be expressed as: 

(t) (t 0.5 ) (t 0.5 )P P t P t

t t

 +  − − 


 
,                  (2-9) 

Subsequently, the second-order derivative is: 

2

2

(t) (t 0.5 ) (t 0.5 )P P t P t

t t

 +  − − 


 
,                 (2-10) 

The accuracy of the spatial derivatives can be improved using high-order finite differences. 

High-order finite difference approximations of the first-order and second-order derivatives for 

the standard grid size can be expressed using Taylor series as: 

(t) 1
( )n

N

n N

P
c P x x

t x =−

  
 +     

 ,                   (2-11) 

and  

2

2 2

(t) 1
( )n

N

n N

P
c P x n x

t x =−

  
 +     

 ,                  (2-12) 

where 𝑐𝑛 is the finite difference coefficients and can be obtained using Taylor expansion [57-

62]. Wavefield simulation depends on solving or propagating the wave equation using an 

appropriate numerical method with appropriate boundary conditions or by using pseudo 
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spectral counterparts, however there are two FDTD schemes for numerical wavefield modelling 

which are: the standard grid scheme used for the second-order wave equation and the staggered 

grid scheme which is used for the first-order wave-equation system. The acoustic wave 

Equation (2-5) can be re-written for a 2D velocity model using a central finite difference method 

for the 2nd order acoustic wave equation as: 

( ) ( )
( ) ( )

2 22

2 2 2 2

, , , ,1 ( , , )
( ) ,s s

P x z t P x z tP x z t
f t x x z z

v t x z


 
= + + − −

  
,     (2-13) 

where 𝑥𝑠,  𝑧𝑠 indicate the source position and t  indicates time. To increase the accuracy of 

the scheme; the second-order finite difference approximation which used for the time derivative, 

we implement high-order finite difference approximation, then Equation (2-13), after multiply 

the right-hand side with 2v  becomes: 
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0
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,            (2-14) 

where n is the number of grid cells in one side of the stencil that a geometric configuration of a 

nodal group that relates to the point of interest using a numerical approximation routine [17]. 

Equation (2-14) provides the stencil for all orders of the finite difference solution of the acoustic 

wave equation. If the grid intervals in x and z are identical ( ,h x z=   ), then the Courant-

Friedrichs-Lewy (CFL) stability-condition [17-63] is expressed as: 

1

2 1

1/2

max 1

n

N

n

h
t c

v
−

−

=

 
   

 
 ,                    (2-15) 

where 𝑣𝑚𝑎𝑥  is the highest velocity in the velocity model and 𝑁1 must meets the condition

12 1N N−  . 

The split of particle velocity and pressure in the wave equation is essential to form latter 

the Perfectly-Matched Layer (PML) absorbing boundary conditions, which will be described in 

the next sections. Using Equation (2-14) we can build the Finite Difference scheme known as 
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the Staggered-Grid for a first-order wave-equation system. In this scheme the particle velocity 

V  has horizontal and vertical components. If the pressure is hypothetically splitted up into 

‘horizontal’ and ‘vertical’ components and defined as the summation of the two parts, then the 

system of equations defined as follow: 

( ) ( ) ( )( )

( ) ( ) ( )( )
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( ) ( )
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,              (2-16) 

where xV and zV are the horizontal and vertical of particle velocity V . xV and xP  are the virtual 

horizontal and vertical parts of xV  , respectively where; x zP P P= +  and the staggered-grid 

scheme can be expressed as follow: 
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(2-17)  

Equation (2-17) is an explicit finite-difference scheme which recursively propagates the 

wavefield along the time axis. In this scheme, the derivative is calculated at half grids in both 

the time and space axes. The first two equations in Equation (2-17) propagate the waves forward 
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by a half grid in time, and the second two equations push the waves forwards another half grid 

in time. Consequently, one complete calculation of the four equations propagates the wavefield 

forward in a time step. Choosing the high-order finite differences can achieve higher accuracy 

and less dispersion. Generally, for the 4th order accuracy finite difference, at least 5 samples 

for the smallest wavelength are required to provide sufficient accuracy and small dispersion [17]. 

Although it is hard to derive the stability condition for Equation (2-17), the parameters can be 

tested for any given grid size and time step-length on a particular model before running 

Reverse-Time Migration. 

Wavefield simulation and extrapolation is constrained by the amount of computer memory 

which is available. Consequently, only a limited model space is simulated, and artificial 

boundaries are usually used to truncate the FD-based computational model. These artificial 

boundaries cause spurious reflections which in turn introduce unwanted artefacts in the 

migrated section. This problem can be suppressed by using absorbing boundaries along the 

edges of the computational region of interest. Several absorbing boundary conditions have been 

developed. Lysmer and Kuhlemeyer [64] suggested using viscous damping of the normal and 

shear stress components to decay the boundary reflection energy, but this is only partially 

successful. Later, Clayton and Engquist [65] proposed an Absorbing Boundary Conditions (ABC) 

based on the paraxial approximation to the one-way wave equation. This approach is better than 

the viscous damping method but, because of the paraxial approximation, does not perform well 

at high angles. The most successful absorbing boundary condition at present is the perfectly-

matched layer (PML) (after Berenger [66]). 

PML formula as described in Yao [17] and in Figure 2-2, creates a fictitious material which 

does not reflect any incident waves and also exponentially decays any waves travelling in it. 

Unfortunately, although PML can remove artificial reflections at model boundaries, it is 

relatively expensive in terms of cost and memory size, but after an advance development of 

computer hardware this boundary condition is becoming widely used in industry. 
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Figure 2-2   Schematic diagram of the PML and computation regions to suppress edge effects (after 

Yao [17]) 

The number of variables in the PML region is around 2.5 times larger than inside the 

computation region, which in turn increases memory requirement by the order of two-times and 

half. The calculation in the PML region is therefore about 4 times greater than in the main 

computation region. As a result, the use of PML as an absorbing boundary condition 

significantly increases computational cost. PMLs were shown to correspond to a coordinate 

transformation in which one (or more) coordinates are mapped to complex numbers; more 

technically, this is actually an analytic continuation of the wave equation into complex 

coordinates, replacing propagating (oscillating) waves by exponentially decaying waves. This 

viewpoint allows PMLs to be derived for inhomogeneous media such as waveguides, as well 

as for other coordinate systems and wave equations. 

The final step of any migration algorithm that is based on RTM methods is to extract 

images from the constructed wavefields in the preceding steps using a proper imaging condition. 

For migration methods there are several possible imaging conditions for such methods based 

on wavefield continuation. These conditions include; the cross-correlation and deconvolution 

imaging conditions. By considering Equation (2-4), the migration image associated with the 

shot at sx is produced by implementing the imaging condition between ( , ; )sP x t x the source-
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side wavefield and Q( , ; )sx t x  the receiver-side wavefield as: 

( ) ( ) ( ) ( )2| ( ) | | |mig s s g g s

g

m x x S G x x G x x d x x


   = ,     (2-18) 

The most common and efficient imaging condition [11] [15] is the zero-lag cross-correlation 

imaging condition [19][67-69]. In the ( )x−  domain the zero-lag cross-correlation imaging 

condition can be written as: 

†( ) ( , ) ( , )s rI x u x u x d  =  ,                  (2-19) 

where
su  is the forward source wavefield and 𝑢𝑟  is the reconstructed reflection wavefield, 

while the counterpart time-domain imaging condition is expressed as: 

( ) ( , ) ( , )s rI x u x t u x t dt=  ,                      (2-20) 

The zero-lag cross-correlation imaging condition for RTM is exceptionally stable because 

it only includes multiplication and summation. However, the amplitudes of the image generated 

using this condition is not correct. Thus, more accurate imaging conditions have been proposed 

to overcome this issue. 

The zero-lag cross-correlation imaging conditions has inherited an advantage that it is 

unconditionally stable. However, in general, it does not give accurate amplitudes. One reason 

for this is that, because of geometric spreading and attenuation, the amplitudes of early arrivals 

are larger than those of later arrivals. Accordingly, with the zero-lag cross- correlation imaging 

condition, the image generated by early arrivals is stronger than that by the later ones. 

Ostensibly, this can be fixed using the zero-lag deconvolution imaging condition, which can be 

written in the frequency domain as: 

( , )
( )

( , )

r

s

u x
I x d

u x





=  ,                        (2-21) 

or 

†

†

( , ) ( , )
( )

( , ) ( , )

r s

s s

u x u x
I x d

u x u x

 


 
=  .                     (2-22) 

One problem with this deconvolution imaging condition is that it becomes unstable if some 

frequency components ( , )su x    are very small. Claerbout [67] proposed that; omitting the 
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denominator of Equ. 1.46 because this is the spectral density of the source wavefield and does 

not contain any information about the phase. Because Reverse-Time Migration is applied in the 

time domain, it is strenuous to find a simple implementation of the deconvolution imaging 

condition for RTM. As an alternative, in order to boost the deep weak images in RTM, cross-

correlation images can be compensated using a source illumination factor [17]. 

Up to now all requirements to implement RTM are supplied and we can obtain high quality 

results from different kinds of seismic data. Figures 2-3 (a), (b) and (c) shows HESS VTI 

velocity model of 0pV  ,  ,  models respectively, and Figure 2-3 (c) shows cartesian-based 

acoustic reverse-time migration result of HESS anisotropic velocity model, as this type of RTM 

imaging is expensive but have high accuracy results in collapsing diffractors. It can be seen 

from the Figure that the structure of conventional reverse time migration is disordered, the deep 

energy is weak, amplitude is not well recovered thus this imaging effect is poor. On the other 

hand, VTI reverse-time migration has described the fault structure accurately of this model. The 

event axis at the high and steep dip angle fault plane is clear, and the outline of the subsurface 

salt dome body is obvious, especially in the high dip angle area, but the effect of maintaining 

the amplitude of the imaging is not obvious in the shallower parts of the model. thus LSRTM 

had been introduced later to recover the true earth reflectivity model with balanced and 

preserved amplitude. The requirement of seismic processing and imaging is not only to return 

the reflected waves recorded on the surface to the correct subsurface position, but also to 

directly return the primary reflections to its true depth and underground position, in depth 

domain imaging. In other words, its core idea is amplitude processing and imaging. 

The requirement of seismic processing and imaging is not only to return the reflected 

waves recorded on the surface to the correct subsurface position, but also to directly return the 

primary reflections to its true depth and underground position, in depth domain imaging. In 

other words, its core idea is amplitude processing and imaging. The attenuation of seismic 

waves leads to the weakening of energy at deeper layers, while the distortion of the wavelet 

decreases of signal/noise ratio. This is mainly due to the fact that the actual underground media 

in seismic exploration is generally viscous, and this absorption and attenuation often occurs in 

the wave propagation track. 
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（a） 

 

（b） 

 

（c） 
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（d） 

Figure 2-3   HESS/SEG Anisotropic velocity model. (a) 0pV , (b) and (c) models. (d) acoustic 

Reverse-Time Migration imaging result of HESS anisotropic model 

2.2.3  Born Approximation Theorem 

In scattering theory and particularly in quantum mechanics, the Born approximation 

consists of taking the incident field in place of the total field as the driving field at each point 

in the deflector. In other words, it is the perturbation method applied to scattering by an 

extended body. Born Approximation is accurate if the scattered field is small compared to the 

incident field on the scatterer. The Born approximation is named after Max Born (1926) who 

proposed this approximation in the early days of quantum field theory development. The Born 

approximation is used in several different physical contexts. In neutron scattering, the first-

order Born approximation is almost always sufficient, except for neutron optical phenomena 

like internal total reflection in a neutron guide, or grazing-incidence small-angle scattering. 

The Born approximation has also been used to calculate conductivity in bilayer graphene 

and to approximate the propagation of long-wavelength waves in elastic media. The same ideas 

have also been applied to studying the oscillation of seismic waves through the Earth. For a 

given smooth migration velocity input and a migration image of the horizontal reflector, the 

Green’s function for the reflected wave can be computed by using the Born approximation [17] 

as follow: 
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( ) ( ) ( )2

1 1 0| ( ) | |s o s
x

G x x m x G x x G x x dx


   = + ,              (2-23) 

where 𝑚1(x′) is the reflectivity model representing the horizontal reflector, and the Green’s 

function 𝐺0 is calculated using the migration velocity. The staggered grid scheme for the PML 

boundary conditions can be written as mentioned previously in Yao [17], however, when 

inserting Yao [17] PML equation into the solution in the four rectangle corner areas in PML 

formula, we get the following scheme for implementing Prism Wave Reverse-Time Migration 

algorithm: 
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=

=
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,  (2-24) 

and the: 

  ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2

1 0 1 0 0 2| | | | |; |s s o s g g s
x

P x x W G x x m x G x x dx Q x x G x x d x x 


      = = , (2-25) 

From a computational point of view, 1( ' | )sP x x   are computed with two finite-difference 

time-domain solutions to propagate the following two equations: 

2 2 2( ( )) ( ) ( ) ( )o o ss x P x W x x   + = − ;                   (2-26) 

2 2 2 2

1 1( ( )) ( ) ( ) ( )o os x P x m x P x  + =                    (2-27) 

where the slowness ( )x  is the reciprocal of the migration velocity model, 0 ( )P x  is the source 

wavefield and propagates downward starting from the source location and is reflected at the 

horizontal reflector and becomes the reflected wavefield 1( )P x , 0Q ( )x is receiver wavefield which 

propagates downward from the receiver, then the product of the two quantities 1( )P x , 0Q ( )x is the 

migration image [11]. The Reverse-Time Migration receiver-side wavefield 1( )P x , 0 sQ (x | x )  can 

be computed by solving the equation: 

( ) ( )2 2 2

2( ( )) | | ( )o o s g s gs x Q x x d x x x x  + = − ,            (2-28) 

   Equation (2-28) propagates the wavefield backward in time when solving the wave 
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equation via finite difference time-domain scheme. When there is more than one trace in the 

shot gather, all the traces act as source wavelets of point sources at their respective recording 

locations, which implies a summation over the receiver (g). Finally, the migration image of the 

prism wave is expressed as: 

( ) ( ) ( ) ( ) ( )2 2

1 1| | | | |mig s s o s o s sm x x P x x Q x x P x x Q x x =  +                .      (2-29) 

Starting from Born linearized approximation theorem, we can derive the wave equations 

that fit to perform both revers-time migration and least-squares revers-time migration imaging, 

by dividing the acoustic wavefield ( , )p x t  into perturbation wavefield ),( txp   and the 

background wavefield ),(0 txp  . The scalar wave equation in time-space domain can be 

expressed as: 

( )
2

2

2 2

1 (x, t)
( , ) ( )

( )
s

p
p x t x x s t

v x t



− = − −

 ,               (2-30) 

In order to simplify the process, we can re-write the above wave equation in the frequency-

space domain as: 

( ) ( ) ( ) ( ), , sL x w p x w x x S w= − − ,                  (2-31) 

where the term: ( )
( )

2
2

2
,

w
L x w

v x
= +  indicates the wavefield propagation operator, ( )v x  

denotes the input velocity model and ( )S w denotes the source that initiate the propagation. 

Similarly, scalar wave in background velocity model can be expressed as: 

( ) ( ) ( ) ( )0 0, , sL x w p x w x x S w= − − ,                  (2-32) 

where ( )
( )

2
2

0 2

0

,
w

L x w
v x

= +  denotes the wave propagation operator in background medium. 

By substituting Equations (2-31) and (2-32), we will get: 

( ) ( ) ( )
( ) ( )

( )
( )

2 2 2
2 2

0 2 2 2

0 0

, , ,s

w w w
L x w L x w L x w x

v x v x v x


   
 − =  + −  + =      

   
, (2-33) 

where ( )
( )

( )

2

0

2
1

v x
x

v x
 = −  and re-write Equation (2-33) to get: 
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( )
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( ) ( )
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2 2 22 2
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=  ,  (2-34) 

where ( )0( ) ( )v x v x v x = − . Here we define 
( )0

2
( )

v
m x

v x


=  as the Reverse-Time Migration 

reflectivity model, then the modeling operator for perturbation wavefield can be written in time-

space domain backward as: 

22
2 0

2 2 2 2

0 0

(x, t)1 (x, t) ( )
( , )

( ) ( )

pp m x
p x t

v x t v x t





− =

 
.           (2-35) 

Equation (2-30) is the equation used in RTM via Finite Difference Time-Domain scheme 

to generate the synthetic data, while Equation (2-35) is used in LSRTM to update the final 

image, since it has a reflectivity term ( )m x , iteratively. 

2.2.4  Conjugate Gradient Method 

Equation (2-30) is the Reverse-Time Migration imaging equation in non-matrix notation 

which contains the inverse of Hessian Matrix. Hessian matrix or the Hessian is a square matrix 

of second-order partial derivatives of a scalar-valued function, or scalar field and it describes 

the local curvature of a function of many variables. It is almost impossible to find the solution 

of the inverse of Hessian matrix in a direct way because of high computational and memory 

costs for both 2D and 3D seismic data. The goal is to find a slowness perturbation to fit the 

input data in terms of minimizing the misfit functional (i.e. Multi-Source Least-Squares 

Reverse-Time Migration [15] by using the forward (de-migration) operator L  together with 

adjoint (migration) operator LT
, then the idea of the problem solution is to minimize the misfit 

between modeled data Lm  and observed data d  with conjugate gradient method, thus the 

solution to our problem is expressed as: 

2 21
(m) Lm d m

2 2
f


= − + .                  (2-36) 

LSRTM as a linearized inversion problem the step-length can be calculated numerically as: 

( 1) ( ) ( )L [Lm d] mk T k kg r+ = − + ,                   (2-37) 



China University of Petroleum (East China) Master Degree Thesis 

 31 

( 1) ( 1)

( ) ( )

( ) P

( ) P

k T k

k T k

g g

g g


+ +

= ,                       (2-38) 

( 1) ( 1) ( )k k kz Pg z+ += + ,                    (2-39) 

( 1) ( 1)

( 1) ( 1)

( )

(L ) L

k T k

k T k

z g

z z


+ +

+ +
= ,                     (2-40) 

( 1) ( ) ( 1)m mk k kz+ += − ,                    (2-41) 

where r  is the damping coefficient, g  is the gradient of misfit function. In the above 

equations, oscillation at source-side instead of inverse of Hessian matrix is used as 

preconditioning matrix P  . Conjugate gradient method as an iterative solution algorithm of 

linear systems, generates accurate gradient operator than steepest descend counterpart which 

decreases the gradient of the objective function of the linear system faster and save considerable 

computational costs. Finally, the whole linear problem becomes the same as least-squares 

migration (LSM). 

2.2.5  Least-Squares Migration 

As discussed, both Kirchhoff migration and downward-continuation migration have 

weaknesses. In particular, since Kirchhoff migration uses a high-frequency approximation, it 

cannot correctly migrate the shallow reflectors. In addition, it usually only uses single arrival 

traveltime and therefore suffers from the multi-arrival or multi-path problems in complex 

velocities. By contrast, wavefield-continuation migration has other difficulties. Finite 

difference migration is inaccurate for high angle reflectors whilst phase-shift migration is 

unable to deal with lateral velocity variations. Both methods also have a common weakness: 

they use the adjoint operators instead of the inverse operators of their forward-modelling 

operators to reconstruct the reflected wavefields. In cases where the data are subject to 

significant aliasing, truncation, noise, or are incomplete, the adjoint of a modelling operator is 

not a good approximation to the inverse [70] and this degrades the resolution of the final migrated 

image. In addition, downward-continuation migration usually applies a cross-correlation 

imaging condition to stabilize the imaging process, whereas a deconvolution imaging condition 

should be used to preserve amplitudes and give the correct reflectivity. Both problems can be 

solved using least-squares migration (LSM). LSM uses a generalized inverse operator to 
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reconstruct the reflected wavefield, and includes an implicit deconvolution imaging condition. 

The general theory behind all LSM methods is as follows: If d is the vector of modelled 

data, m is the vector of earth reflectivity model vector, and L is the matrix of the linear forward 

modeling operator which describes the relationship between the reflectivity and measured data 

then the solution of the equation [61]: 

d Lm= .                              (2-42) 

in a least-squares sense is called least-squares migration. The choice of the algorithm for solving 

L leads to different least-squares migration methods. A more practical and mathematical 

foundation about the conjugate gradient algorithm can be found in Sun et al. [59] And Nemeth 

et al. [62]. 

2.3  Tests on Synthetic Velocity Models 

Below example is the sunken three-layers synthetic velocity model as in Figure 2-4. The 

spread of the model is 1km horizontally and vertically. Linear modeling is performed to obtain 

10 shot gathers with each gather containing 100 traces. Total record length is 1600 ms with 

0.001s sampling interval. Pre-Stack RTM and Pre-stack LSRTM is performed on the velocity 

model and being updated iteratively then L2 norm of residual data collapses rapidly to zero 

after 21 iterations (Figure 2-4 (e)) within the conjugate gradient approach. It means that the 

born modeled data based on current reflectivity model is very close to the recorded seismic data, 

which shows the precision of LSRTM inverted reflectivity. RTM method as in Figure 2-4 (c) 

cannot handle P-wave reflections from steeply dipping reflectors, which can be the reason for 

not getting accurate positions of the vertical reflectors that imaged the migration section. 

Comparing with theoretical reflectivity model, it is clear that there are improvements in the 

LSRTM image which have highly preserved and balanced amplitude. 

The pre-stack depth-migration method that uses the framework of reverse-time migration 

to compensate for geometric spreading, intrinsic Q losses, and transmission losses is efficient 

in recovering accurate reflectors positions in the light of various imaging conditions in addition 

the analyzed cross-correlation region imaging shows more stable imaging advantages. Nguyen 

and McMechan[33], came out with new algorithm requires reverse-time pre-stack depth 

migration technique that uses a stable amplifying finite-difference wavefield extrapolation. 
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(a) 

 

(b) 
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(c) 

 

(d) 
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(e) 

Figure 2-4   RTM and LSRTM tests on synthetic data (a) Three-layer model with velocity with 

1500m/s, 1600m/s, 1700m/s for each layer from above to down, (b) migration velocity, (c) RTM result 

(d) LSRTM result after 21 iterations, (e) convergence of LSRTM scheme to minimise the misfit 

function 

 

2.4  Summary 

Through the trial calculations of the simple 2D synthetic velocity model of the least-

squares reverse-time migration, we can see that for the simple model, the least-squares reverse-

time migration in comparison with the with other migration methods gives higher resolution, 

more balanced amplitude, can effectively suppress low-frequency noise and crosstalk artifacts, 

thus the imaging effect is significantly improved, and the advantages of implementing LSRTM 

are clearly significant. More valuable imaging information can be obtained through LSRTM. 

For field models, the imaging effect can be improved at the shallower parts and some scattering 

points. Therefore, in practical applications, LSRTM imaging should be used as an effective 

supplement RTM imaging, but cannot completely replace RTM imaging. 

In the application of LSRTM based on the constant-density wave equation, the Born 

modeling operator is used to fit the observed reflection data with a reflectivity model. 

Calculating the Born approximation and rounding off the inverse of Hessian matrix are the key 
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subjects of studying when investigating Least-Squares Reverse Time Migration. 

To implement cartesian-based LSRTM on seismic data, for example, one can use the 

prestack shot gather and migration velocity model as algorithms’ input, then perform RTM to 

get migrated section through finite difference modelling, then use the RTM section as initial 

reflectivity model input, and minimize the misfit function using conjugate gradient method until 

it reaches the zero. A frontier issue appears at this point which is the conversion of the ABC's 

and PML absorbing boundary conditions from cartesian into Riemannian coordinate system, 

that can absorb all possible waves generated during the wavefield propagation in pseudodepth 

domain. Finally, we can divide LSRTM into two processes; 1-reverse-time migration and 2-

least-square migration. 
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Chapter 3 Numerical Simulations of Pseudodepth Domain Seismic 

Wavefield 

In order to successfully carry out the research on the effective utilization of LSRTM in 

pseudodepth domain, it is necessary to have a deep understanding of its basic theory. This 

chapter first introduces the generation mechanism, the process of modelling the seismic 

wavefield in pseudodepth coordinate system via finite difference scheme in the frequency 

domain, finally with some aspects on the stability analysis, which lays a theoretical foundation 

for the subsequent numerical simulation and migration examples in pseudodepth coordinate 

system. 

3.1  Wave Equation 

The wave equation is a second-order linear partial differential equation that describes 

waves as they occur in classical physics; such as mechanical waves (e.g., water waves, acoustic 

waves and seismic waves) or light waves. Seismic waves mainly mean elastic modes (-P and -

S) of the full component of the seismic wave equation, however a simplification can be adopted 

to simulate the least-squares reverse-time migration wavefield using the acoustic approach. In 

geophysics the main wave equation can be regarded as a two-way wave equation (TWWE) and 

it can be decomposed into up and down solutions. The scalar two-way wave equation can be as: 

1 1

2 2 2 2
2

2 2 2 2
n

u u
c

t t x

u

t

u    
= +

 
 


+ 
    

                    (3-1)  

where c   is a fixed non-negative real coefficient, in the case of acoustic/seismic waves it 

represents speed propagation. Other scalar wave equation solutions u is for physical quantities 

in scalars such as pressure in a liquid or gas, or the displacement, along some specific direction, 

of particles of a vibrating solid away from their resting (equilibrium) positions. A solution of 

this equation can be quite complicated, but it can be analyzed as a linear combination of simple 

solutions that are sinusoidal plane waves with various directions of propagation and 

wavelengths but all with the same propagation speed c. This analysis is possible because the 

wave equation is linear and homogeneous; so that any multiple of a solution is also a solution, 
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and the sum of any two solutions is again a solution. This property is called the superposition 

principle in physics. 

In physics, the acoustic wave equation governs the propagation of acoustic waves through 

a material medium. The equation describes the evolution of acoustic pressure p or particle 

velocity u as a function of position x and time t. A simplified form of the equation describes 

acoustic waves in only one spatial dimension, while a more general form describes waves in 

three dimensions. The wave equation describing acoustics in one dimension (position x) is 

expressed as: 

2 2

2 2 2

2
2

2 2

0

1

1

x c t

p
p

c t

p p 
− =

 


= 



                     (3-2) 

where p  is the acoustic pressure (the local deviation from the ambient pressure), and where 

c  is the speed of sound. Provided that the speed c  is a constant, not dependent on frequency 

(the dispersionless case), the lower part of Equation (3-2) is called the acoustic wave equation 

in Cartesian coordinate system where   is the laplacian spatial operator, then the most general 

solution in time domain is: 

(ct - x)+g(p= f ct+x)
                     (3-3) 

where f and g are any two twice-differentiable functions. This may be pictured as the 

superposition of two waveforms of arbitrary profile, one (f) travelling up the x-axis and the 

other (g) down the x-axis at the speed c. The particular case of a sinusoidal wave travelling in 

one direction is obtained by choosing either (f) or (g) to be a sinusoid, and the other to be zero, 

giving the frequency domain solution: 

0 sin( tω )p p kt=                        (3-4) 

where ɷ is the angular frequency of the wave and k is its wave number. Acoustic attenuation is 

a measure of the energy loss of sound propagation in media. Most media have viscosity, and 

are therefore not ideal media. When sound propagates in such media, there is always thermal 

consumption of energy caused by viscosity. This effect can be quantified through the Stokes's 

law of sound attenuation. Sound attenuation may also be a result of heat conductivity in the 
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media as has been shown by G. Kirchhoff in 1868. The Stokes-Kirchhoff attenuation formula 

takes into account both viscosity and thermal conductivity effects. For inhomogeneous media, 

besides media viscosity, acoustic scattering is another main reason for removal of acoustic 

energy. Acoustic attenuation in a lossy medium plays an important role in many scientific 

researches and engineering fields, such as medical ultrasonography, vibration and noise 

reduction. 

3.2  Pseudodepth Domain Conversion Strategy 

Riemannian, Pseudodepth,   - domains or Nonorthogonal coordinate system, all these 

nomenclature can be used to describe our topic; Pseudodepth Domain. Riemannian geometry 

is the branch of differential geometry that studies Riemannian manifolds, smooth manifolds 

with a Riemannian metric, (i.e.), with an inner product on the tangent space at each point that 

varies smoothly from point to point. This gives, in particular, local notions of angle, length of 

curves, surface area and volume. From those, some other global quantities can be derived by 

integrating local contributions. In Riemannian geometry, the fundamental theorem of 

Riemannian geometry determines that on any Riemannian manifold (or pseudo-Riemannian 

manifold) there is a unique torsion-free metric connection, called the Levi-Civita connection of 

the given metric. Here a metric (or Riemannian) connection is a connection which preserves 

the metric tensor. It is a very broad and abstract generalization of the differential geometry of 

surfaces in R3. In mathematics, the differential geometry of surfaces deals with the differential 

geometry of smooth surfaces with various additional structures, most often, a Riemannian 

metric. 

The main idea of using the Riemannian coordinate system in propagating the Reverse-

Time Migration operator is that it describes a continuously changing coordinate systems by 

using the same idea as relativity theory of Albert Einstein, since extrapolating seismic energy 

in this domain compensates for the attenuated waves better than the regular domain [3]. On the 

other hand, both acoustic and elastic wave equations can be interpolated into Riemannian 

coordinate system and then can apply the RTM process for the one-way wave equation. 

This idea is illustrated with a model, based on the Sigsbee synthetic model [3-71] extended 

vertically and horizontally to allow diving waves from the overhanging salt flank to arrive at 
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the surface. Figure 3-1(left) shows an example of pseudodepth coordinate system mesh 

constructed by ray tracing from behind the salt flank reflector. For comparison, Figure 3-1(right) 

shows a Cartesian coordinate system tilted relative to the vertical direction to minimize the 

angle between the extrapolation direction and the normal to the reflector. Both coordinate 

systems are equivalent to pseudodepth domain. 

 
（a）                                    （b） 

Figure 3-1   Sigsbee velocity model sketched on Riemannian coordinate system skewed mesh (a) 

and inclined Cartesian coordinate system (b) 

3.2.1  Pseudodepth Domain Mapping Function 

In order to achieve pseudodepth domain wavefield reconstruction, one should define a 

mapping function that relates the wave equation in cartesian coordinate system with the 

pseudodepth counterpart. For every point in the Cartesian coordinate ( )x, y,z   there is a 

corresponding vertical-time-point with the coordinates 1 2 3)( , ,   hence we can interpolate the 

reconstructed source wavefield in the new ray coordinates by drawing a Cartesian- pseudodepth 

domains mapping function. The concept of vertical time is well established in seismic imaging 

methods. Vertical time is defined as the vertical axis for time migration [16-71-72] as: 
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0
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(z) 2
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z dz

v z
 =                         (3-5) 

The inverse mapping is also straightforward, from differentiation of inverse functions, it 

follows: 

0
z( , , ) ( , , ') 'm

z

x y v x y d  =                   (3-6) 

then the two coordinate systems are related by: 
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1 2 3
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x x
x x

d

x xv x
   = = ==               (3-7) 

Based on the above transformation we can interpolate any seismic-space functions 

between the Cartesian and τ domains (Ma and Alkhalifa [16]). The new coordinate system (i.e., 

τ-domain) is a continuously changing coordinate system and called the ray coordinates [2-3-4]. 

The new coordinates mapping function can be easily evaluated via ray tracing or Huygens 

wavefront tracing [3]. In the light of defining the Laplacian operator of the previous acoustic 

wave equation, in pseudodepth coordinate system by Sava and Fomel [3] the associated metric 

tensor and its determinant is defined [5-74] as: 

 
2

0

0

0 0

ij

E F

g F G



 
 

=  
 
 

                       (3-8) 

where E, F, G and   are deferential forms that can be found from mapping cartesian 

coordinates x to the general coordinates ( , , )   , as follows: x xE  = , x xF  = , x xG  =

and 
2 x x  =  . Sava and Fomel [3] Shragge [5-6-7] Ma & Alkhalifah and Alkhalifah [16-24] 

Khalil [75-76], Sun [8] described the relationship between the pseudodepth domain and cartesian 

counterpart as a unique and known (i.e. one-to-one) and can be obtained through a set of 

numerical mapping equations as: 

( )i i jx f =                           (3-9) 

where , 1,2,3i j =  . The elements of the matrix are governed through the relation (where 

, 1,2,3i j = ): 
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k k

j

i j

i
x x

g
 

 
=
 

                         (3-10) 

The associated metric tensor has the matrix notation as in Sava and Fomel [3] and expressed 

as: 

2

2 2

2

/

1

/ 0

/ E 0

0 /

/

0

ij

G J F J

g F J J



 + −
 

  = − +  
 
 

                   (3-11) 

where J is the pseudodepth domain geometrical spreading term and 2 2J EG F= − . 

3.2.2  Finite-Difference Solution 

Now we can introduce the One-Way Wave Equation (OWWE) of the Helmholtz wave 

equation for propagating seismic waves in a generalized 3D Riemannian space (after Sava and 

Fomel [4]) with the new notations to re-parametrise the Helmholtz wave equation coefficients 

the dispersion relation for the wave equation in a semi-orthogonal 3D Riemannian space is: 

2 2 2 2 2c k c k c k ic k ic k ic k c k k s               − =− − − + + + −            (3-12) 

For the one-way wavefield extrapolation, we need to solve the second order previous 

equation for the wavenumber of the extrapolation direction k , and then we select the solution 

with the appropriate sign to extrapolate waves in the desired direction is given by: 

2
2

,

2( )
2

(

2

) jj j

j j

j

c s c c c c
k k i k k k

c c c
i

c c c

  

  

      



=

 
=  − − − 

 
−            (3-13) 

The solution with the positive sign in Equation (3-13) corresponds to propagation in the 

positive direction of the extrapolation axis. A solution, using Sava [2] algorithm, to the one-way 

wave-equation is represented by pure finite difference methods in the ω−x or wavenumber 

domain, which can be implemented either as implicit or as explicit methods. For the same 

stencil size, the implicit methods are more accurate and robust than explicit methods, although 

harder to implement, particularly in three dimensions. However, explicit methods of 

comparable accuracy can be designed using larger stencils. On the other hand, the finite-

difference operator of the 2-D wave equation in pseudodepth domain in isotropic media, as 

mentioned in Ma and Alkhalifah [16] for both types of media, is derived from the formula bellow: 



China University of Petroleum (East China) Master Degree Thesis 

 43 

2 2 2 2 2 2
2

2 2 2 2 2 2
* * m

d

m m

vP P P v P v p
v

t x y v v  

       
= + + −  

       
           (3-14) 

where 
dv   is th medium velocity, mv  is the mapping velocity,   is the vertical time, P  is the 

acoustic pressure and as latter we will see in the stability analysis section, the only difference 

between cartesian mesh 2-D wave equation and the pseudodepth counterpart is the type of the 

source wavelet and in the above Equation the source is a Gaussian-like wavelet. Similarly, for 

anisotropic media, the 2-D wave equation in pseudodepth domain is given by the following 

second-order system of equations for horizontal 
Hp  and 

Vp vertical stresses: 

2 2
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2 v

1 22

1 3 2 3 3 3
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= +

  

  
= + +

  

      (3-15) 

where  is anellipticity
1 2


 


= −

+
 and the NMO velocity is given from Thomsen parameters 

( ,  ) as a function of the vertical velocity vv : 1 2nmo vv v = + , in addition dv  is th medium P-

wave velocity, mv  is mapping velocity, , z  is the vertical axes, P  is the acoustic pressure/stress 

with ,H VP P  are horizontal and vertical acoustic pressure fields, ,u w is particle momentum and

   is the slowness. q−  is the particle momentum and its given above in sense of partial 

derivatives as 
3

(for 1,2)i H H

i

i

q p p
i

t


 

  
= + =

  
;

3 v

3

1

m

q p

t v 

 
=

 
. The first-order derivatives in the lower 

part of Equation (3-15) describe the required equations to perform pseudodepth RTM modelling.  

3.3  Pseudodepth Domain Wavefield Examples 

Migration of land seismic data acquired on complex topography presents a significant 

challenge oftently because these settings are synonymous with significant tectonic reworking, 
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complex geologic structure, severe lateral velocity contrast, and strong anisotropy. Analogous 

to commonly experienced in structurally complex marine environments (e.g., sub-salt), seismic 

imaging in such topographically influenced scenarios has much to gain from applying full-

wavefield pre-stack depth migration (PSDM) algorithms such as reverse time migration (RTM). 

Imaging techniques based on finite difference wavefield propagation similarly have been 

adapted to topography scenarios with varying degrees of success, e.g., wave equation migration 

and Reverse-Time Migration. 

The coordinate transformation approach allows for acoustic wave propagation and the 

cross correlation and inverse scattering imaging conditions to be posed and computed directly 

in topographic coordinates. Resulting reverse-time migration (RTM) images may then be 

interpolated back to the Cartesian domain using the known inverse mapping relationship. The 

mechanism of performing RTM in a generalized coordinate system are identical to the 

Cartesian-domain procedure, by using Equations (3-7), (3-10) and (3-11), save for a few minor 

modifications [5-6] Reverse time migration from topography can be perfectly implemented. All 

these quantities in Equation (3-12) can be computed by finite differences for any choice of a 

pseudodepth domain which fulfils the orthogonality condition indicated earlier. 

The wavefield of the One-Way Wave Equation in pseudodepth domain can be extrapolated 

via Equation (3-13) smoothly according to the previous section, as we will see in next figures, 

that describes the evolution of the wavefield on pseudodepth domain mesh during 14 seconds 

of propagation from the moment of exploding reflectors on the salt body, as in the full length 

Sigsbee reflectivity model in Figure , then we target the upper part of the model which has 

complex geological structure (i.e. overhanging salt flank) to perform LSRTM in pseudodepth 

domain. The efficiency of extrapolated pseudodepth domain wavefield is that it is timely 

optimized by around 30% for wavefield calculation. From Figure 3-2 to 3-3 we notice that there 

is a reflected back wavefield after reaching the boundary where zero-boundary condition is 

used. The overturned seismic synthetic data in Figure 3-4 collected at the surface are imaged 

latter in pseudodepth domain. 
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(a) 

    

(b) 

Figure 3-2   (a) The overhanging salt flank structure in Sigsbee velocity synthetic model and (b) 

figure is the complex-source wavelet used in modelling with maximum frequency of 1.00 Hz 
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(a)                                    (b) 

 

(c)                                    (d) 
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(e)                                    (f)  

Figure 3-3   The Pseudodepth domain acoustic wavefield from the overhanging salt flank, since the 

moment of explosion at the reflector using the finite-difference solution in Equation (3-12), of the 

artificial source on the salt body at (a) time=1.0 seconds, (b) time=2.0 seconds, (c) time=3.0 seconds, 

(d) time=4.0 seconds, (e) time=9.0 seconds, (f) time=14.0 seconds 

In order to achieve the above simulations, one can use FDTD scheme 2Nth order in space 

and 2nd order in time with optimized finite difference scheme option, a hybrid one-way ABC 

absorbing boundary conditions and 2-2N finite difference coefficient, thus why it has some 

migration artefacts zoned in Figure 3-3(f). The figures are flipped or rotated to the left in order 

to depicts where exactly this wavefield is propagating. In fact, this is very much complicated 

case of Riemannian wavefield equation and its recorded seismic data is given in Figure 3-4. To 

solve the 2D acoustic wave equation in cartesian domain and then construct this wavefield on 

a mesh that is equivalent to the pseudodepth domain one. Here in this example, the axes of the 

mesh are both skewed to simulate a more complicated case of the pseudodepth domain 

wavefield extrapolation. The final migration images for this model is presented in Figure 3-5. 

We can describe the pseudodepth coordinate systems with several coefficients incorporating all 

the information about the coordinate system shape and the extrapolation slowness as in Sava [4]. 
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The overturned data collected at the surface is imaged in the pseudodepth coordinates using the 

systems depicted in Figure 3-1 which is characterized by coefficients of the function of the 

pseudodepth coordinate systems, in addition it has; (a) time units that represent the 

extrapolation direction, and (b) the other one is a non-dimensional which represents an index 

of the rays shot from the linear origin behind the imaged reflector. These coefficients describe 

the ratio of the extrapolation velocity to the velocity used for ray tracing and the 

focusing/defocusing of the coordinate system. A better solution for this issue is using PML 

boundary condition since it creates a fictitious material which does not reflect back any incident 

waves and also exponentially decays any waves travelling in it, in addition it removes artificial 

reflections at the model boundaries, nevertheless it is computationally and memory consuming. 

 

Figure 3-4   Recorded seismic data at the surface. Overturning seismic energy is recorded from x= -

20 km to x=0 km at t=15 seconds to 25 seconds, in Sigsbee synthetic reflectivity model 

Figure 3-5 shows the migrated image obtained by wavefield extrapolation in pseudodepth 

domain and depicts the image in the Riemannian space, the vertical axis tau in seconds 

represents the pseudodepth domain. We see that the overhanging reflector is imaged correctly 

demonstrating successful imaging technique with overturning waves in pseudodepth coordinate 

system. 
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Figure 3-5   Pseudodepth domain migrated image of the overhanging salt flank Sigsbee model using 

wavefield extrapolation in pseudodepth coordinates with a Fourier finite-differences (F15) kernel 

mapped in Riemannian space from Figure 3-1 

3.4  Stability Analysis of the Extrapolated Wavefield 

To measure the stability and the convergence of the finite difference scheme in cartesian 

domain we usually control it via the CFL conditions. On the other hand, converting the wave 

equation into pseudodepth domain makes the CFL condition controlled mainly by the mapping 

velocity that projects the data from cartesian to pseudodepth domains. To simplify the stability 

issue of the pseudodepth domain wavefield propagation we can take the homogenous velocity 

and regularly spaced-grids case pseudodepth domain wavefield equation, via Von Neumann 

analysis. Due to the complexity of the 3-D and 2-D pseudodepth domain wave equation we 

simplified the calculations by taking the 1-D finite difference solution as in Cartesian domain 

and defining an ansatz of Gaussian-like source wavelet term to investigate the stability and 

convergence conditions. 

Assume that: 

2

tt d zzU v U=                           (3-16) 

where ttU is the time derivative, zzU is the spatial derivative and dv  is the medium velocity. 
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When approximated by a finite-difference central formula we got: 

1 1

2 1 1

2 2

2 2n n n n n n

i i i i i i

d

u u u u u u
v

t z

+ −

+ −− + − +
=

 
           (3-17) 

the source-wavelet term is 
n

iu  , the unique matrix is )n

jU exp(ikz  where; 

i = j z =0,1,2,3...=  are the time, spatial values and vertical spatial axis, respectively, k  is the 

wavenumber, and the value jexp(ikz ) is called the vertical time and dv
CFL t

z
= 


. The stability 

of the finite difference numerical solution can be measured by rearranging equation (3-17) and 

involving the ansatz function[16]
n n

i ju U exp(ikz )= : 

2 1 0
2

2 2

2 2d

2

v t k z
U + 4 sin U
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− + =                  (3-19) 

when 2
2

2 2

2d

2

v t k z
4 sin

z


   
= −     

 andU is the amplification factor that depicts the growth of the 

wavenumber k , then to stabilize the propagation of the numerical solution it requires 1U   

for all possible values of the wavenumber k . It can be shown that, in order for the quadratic 

equation:
2 1 0U U+ + = , that to have bounded roots 1U  , it is necessary that 2  . 

This is equivalent to: 0 2 1
2

2 2

2d

2

v t k z
sin

z

 
 − 


 for k , which thus gives the same 

well know Courant-Friedrichs-Lewy (CFL) condition: 
d

x
t

v


   . From equation (3-14), 

after removing the last term in the right hand-side as it only affects the amplitude, the 1-D 

pseudodepth wave equation associated central finite difference formula (3-17) can be re-written 

in the case of pseudodepth domain as: 

2

2

m

tt

d

v
U U

v
=

                         (3-20) 
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By comparison of the CFL conditions of pseudodepth domain FD operator
m

d

v
CFL t

v 
= 



and Cartesian domain FD operator dv
CFL t

z
= 


; we clearly see that the mapping velocity is the 

controlling factor to stabilize the pseudodepth domain acoustic wavefield propagation. Where

U  is Riemannian axis special derivative which is called the vertical time axis measured in 

seconds and mv  is the mapping velocity that projects the cartesian coordinates into the 

Riemannian counterparts. The mapping velocity in fact is measured from the Cartesian-based 

original velocity model by using Equations (3-5&3-6) and also this velocity does not has a 

single value like in the conventional FDTD algorithm yet every depth layer has its own value 

bounded by a depth interval. When measuring the velocity analysis to extract the picked 

velocities for stacking or migration, we can relate the subsurface medium velocities to the 

mapping velocity to depict the actual relationship as in the linear formula
. . d

m

CFL v
v

t


=


by 

applying proper time step-size on the finite difference operator. Choosing appropriate CFL 

number to balance the propagation while fixing other parameters is the key step in studying the 

stability conditions of this type of complex-source finite-difference operator. The vertical time 

term ( ) represents only a change of a variable from depth to vertical time and its governed by 

the number of samples ( n ) as: 

1( ) '

1

( )
(

n

n

z

n n '

mz

dz

v x, y,z )





  
+

+  − =                   (3-21) 

which corresponds to a fixed Pseudodepth domain sampling of the value  . This is that the 

effective sampling in depth ( ) ( )
1

nz z
n
 −

+  becomes greater with velocity. The sampling 

interval  of the vertical axis should be small enough to avoid wavefield aliasing when 

applying reverse-time migration wavefield’s extrapolation in the Pseudodepth domain as: 
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( )

min

max

v

10 f
 

                        (3-22) 

where minv is the minimum velocity in the given seismic data velocity model and maxf is the 

maximum frequency of the finite difference operator. Usually the mapping velocity is a slightly 

smoothed version of the true velocity model since equation 18 has a differential form of mv . 

In addition, the spatial derivatives of the vertical-time for isotropic and anisotropic media 

equations shall be approximated using Fourier pseudo-spectral finite-difference methods to 

achieve the domain transformation, as: 

  1 ii i i

i

p
F k F p

x

−



                       (3-23) 

where the spatial iF  is Fourier transform in the ix direction and 1i = . Figures 3-3 and 3-4 are 

snapshots of the forward modelled pseudodepth domain acoustic wavefield and its shot record, 

respectively. After the reflected wave from the subsurface reaches the surface, the energy is 

absorbed and no longer the waves are reflected by the surface to generate downward 

propagating waves. One of the great advantages of Fourier Pseudo-spectral methods in solving 

partial differential equations is that it takes into consideration all elements of the mesh unlike 

the finite-difference, that is to say its globally and the finite-difference is locally. 

We prefer to use Fast Fourier Transform algorithm instead of Fourier pseudo-spectral 

finite-difference methods as the latter is slower than the first, and then use its inverse FFT to 

convert back from frequency to time domain for the spatial derivatives of the laplacian operator. 

The Fast Fourier Transform algorithm for approximating the spatial derivative(s) can be 

implemented in Frequency-Domain through: 

( ) ( )x xu IFFT ik FFT u
  =

                        (3-24) 
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while the time derivative can still be calculated in Time-Domain by: 

2

2 2

( Δ ) 2 ( ) ( Δ )

(Δ )

u u t t u t u t t

t t





+ − + −
=                       (3-25) 

After calculating the spatial derivative with FFT algorithm we must convert it back by 

IFFT to continue with the conventional FDTD scheme. The pseudodepth domain acoustic 

wavefield extrapolation imaging procedure is illustrated with the synthetic example introduced 

in the preceding figures. Exploding reflector data are modeled from all edges of the salt body 

and recorded at all locations along the surface. The data are modeled using finite difference 

time-domain scheme that is equivalent to the pseudodepth domain solution as in Sava [2] which 

described in Equations (3-12) and (3-13). No attempt is made in the above example to suppress 

multiple reflections (Figure 3-4), thus some of them are present in the migrated images. This 

chapter demonstrates the applicability of pseudodepth domain wavefield extrapolation to the 

problem of imaging overhanging salt flanks. Imaging such kind of reflector by using the one-

way wavefield extrapolation in Cartesian coordinates is impractical since waves propagate 

partially down, partially up. A possible solution to this problem consists of using tilted Cartesian 

coordinate systems. This procedure partially reduces the angle between the direction of wave 

propagation and the direction of extrapolation. However, even in this coordinate framework, 

waves need to be extrapolated at high angles up to 90° which degrades the imaging accuracy. 

As a summery we have seen that conversion between Cartesian and Pseudodepth domains is 

achieved by using Equations (3.5, 3.6, 3.7) and the alteration only takes place within the 

laplacian operator of the spatial derivatives and the source-wavelet term, that is to say time 

derivatives of the finite-difference solution will always be converted to frequency domain. 
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Chapter 4 Least-Squares Reverse-Time Migration in Pseudodepth 

Domain 

4.1  Outlines 

In the implementation of LSRTM based on the constant-density wave equation, for 

example, we use an input velocity model to perform RTM, then use RTM reflectivity image as 

input for LSRTM algorithm and minimize the misfit function using conjugate gradient method 

until it reaches the zero. In this chapter I demonstrate a specific pseudodepth domain LSRTM 

algorithm that efficiently image synthetic and field data. First, I outline the connection with the 

previous section through pseudodepth domain wave equation, the vertical time coordinate 

frame and the type of wave equation that I use to perform the migration operation on both 

synthetic and field data. 

4.2  Pseudodepth Domain Migration 

Numerous prestack migration algorithms exist in industry, each algorithm has its own 

efficiency, applicability advantages, dis advantages and limitations. Almost all prestack 

migration methods can be modified, with varying degrees of difficulties, to operate in the x −

domain. One popular and commonly used prestack migration method is the Kirchhoff approach. 

Kirchhoff prestack migration has gained prominence in the geophysical community as of late. 

Its flexibility and relative efficiency appeals to us as we gear up to image large 3D data. 

No other prestack migration method can properly handle inhomogeneous media, as well 

as provide the flexibility to focus small portions of the data, as does the Kirchhoff method. For 

purposes of prestack migration velocity analysis, these features are particularly important. 

When implementing pseudodepth RTM, the time efficiency is optimized to a high level than 

the performing it in Cartesian coordinates as shown by experiments. A great deal of work has 

been done in an attempt to increase the efficiency of RTM. In general, this method migrates one 

shot gather at a time, so the most obvious and common way to speed it up is to combine multiple 

shots and migrate them together in one run. 
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4.3  Symbolizing the Depth with Vertical Time 

The concept of vertical time has a long history in seismic exploration [16-72-77]. From 

Equation (3-6) vertical axis for time migration is defined as the two-way traveltime measured 

by coinciding source and receiver on the surface and can be expressed as: 

0

'
( , , )

( , , z')m

z dz
x y z

v x y
 =  ,                      (4-1) 

For conventional time-domain imaging, this Equation is used in the context of laterally 

remains unchanged media. This is, somehow, not enough for imaging complex geological 

structures. Although, vertical time does not correspond to the actual two-way traveltime in 

complex velocities, still works fine as a representation of the vertical axis. Because wavefield 

extrapolation is usually not zero-offset, in this work we will use the one-way vertical time. The 

velocity mv does not have to be the same to the velocity in which we oscillate wavefields. Thus 

we usually we choose a constant mv so the vertical time is a scaled version of depth as: 

m

z

v
 = ,                           (4-2) 

When implementing LSRTM in pseudodepth domain we use a smooth background 

velocity as mv  because it helps regularize  coordinate grids (vertical time not the one used 

in time processing TW ). Wavefields are typically discretized on a Cartesian mesh with evenly 

spaced grids. Because the grid spacing is kept constant for a monochromatic wave, the number 

of samples per wavelength grows in layers with high velocities and decreases in levels with low 

velocities. Then we can obtain and implement the mapping function as in Equation (3-5). 

Provided that the functions 1 2 3( , , )ix    and 1 1 2 3( , , )x x x  are one to one and without singularities, 

any space functions in pseudodepth domain-to-Cartesian domains can be interpolated smoothly. 

The newly-interpolated coordinate system has mixed units of time in the vertical axis and 

distance in the horizontal axes. It is more convenient to have distance units in all three axes 

within the velocity wavefield interpolation, for pseudodepth anisotropic media extrapolation, 

of the space domain. 

In order to achieve LSRTM in pseudodepth domain, I build up a certain algorithm that 

meets minimum computational abilities and costs at our SWPI lab. Before we introduce this 
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algorithm, we need to re-define the vertical axis in Equation (4-1) in two variables instead of 

three, as: 

( )
( )0

sm

dz z
τ x,z

v x,z
= 

,                             (4-3) 

By weighting velocity, projection and mapping from cartesian to pseudodepth domains 

wavefield extrapolation can be achieved smoothly, since the relationship between the two types 

of coordinate systems can be defined as: 

ξ x

η τ

=

= ,                           (4-4) 

where (ξ,η)   denotes the pseudodepth coordinates, τ   denotes the vertical time axis. After 

converted into the pseudodepth domain, regular samples, in the process of seismic wavefield 

extrapolation, become irregular thus interpolation and smoothing will be adopted to get 

irregular samples in the pseudodepth domain. Similarly, at least samples should be included 

within one wave period to avoid spatial aliased frequency, which is expressed as [8]: 

( )min maxΔ 10τ ν f
,                        (4-5) 

where, minν is the minimum velocity of entire model.
maxf is the maximum frequency of wavelet 

used to generate the wavefield which will propagate at the exploding reflectors. 

4.3.1  Vertical Time Coordinate Frame 

A coordinate frame in a two-dimensional space is a set of two vectors having unit length 

and that make a right angle with one another and its associated vectors can be called the x-

vector and the y-vector. From a coordinate frame, one can extend the x and y vectors to get the 

infinite x and y axes. Using these axes, points can be given coordinates in the usual way. At first 

glance, a coordinate frame seems little different from a pair of infinite x and y coordinate axes, 

since its purpose is the same: endowing points with coordinates. In a later section we will see 

an advantage of thinking about frames instead of infinite axes. For a monochromatic wave, 

wavelength changes with velocity and because the grid spacing is held constant, the number of 

samples per wavelength increases in layers with high velocities and decreases in layers with 

low velocities. 

As a result of conventional LSRTM, the deep layers with high velocities are often 
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oversampled. The increased sampling of the layers with high velocity raises the cost of 

wavefield extrapolation without enhancing image resolution. Introducing this vertical time 

concept can partially resolve this problem. 

With the above discretization, the mapping function in Equation (4-3) can be achieved 

easily. Ma and Alkhalifah [16] gave the wavefield equations (TWWE) for isotropic and 

anisotropic media based on Alkhalifah et al. [24] works which is based on extracting migration 

image in vertical time as opposed to depth, in addition they have established the basis for a full 

inhomogeneous time-processing scheme, however, here I only use the below isotropic 

inhomogeneous media pseudodepth domain wave equation to achieve the LSRTM results. 

4.3.2  Isotropic-Media Wave Equation 

Pseudodepth wave equation in isotropic inhomogeneous media can be expressed as [8]: 
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p 2 .                      (4-6) 

Using the transforming function defined in Equation (4-3), then the wave equation in 

pseudodepth domain can be derived as: 

( ) ( )

2

sm

sm sm
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u p p
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t ξ η

w p p
ρ α α

t ξ ν η
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= +

  

   
= + + 

   

  
= + 

    .                     (4-7) 

where, u   and w   denote the particle velocity; p   denotes sonic pressure;    denotes 

medium density; v   denotes medium velocity; 
smv   denotes the velocity used when 

transforming depth domain to pseudodepth domain;   denotes the derivative in x direction 

of traveltime  ; other variables are as described before. It is pointed out that smv  can be set to 

actual velocity v  or be determined by actual velocity distribution as long as it remains 
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unchanged when transforming from depth domain to pseudodepth domain and vice versa. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-1   Flow chart of the proposed least-square reverse time migration in pseudodepth domain 

scheme or/and Cartesian-based LSRTM results in chapter 2 
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desired migration results. The main advantage of this algorithm (Figure 4-1) that it requires an 

accurate input velocity model to derive the migration velocity, all in the cartesian domain, then 
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The results at this stage is the RTM in pseudodepth domain, thereafter it is being converted 

back to cartesian coordinate system and perform RTM again in the conventional domain, and 

finally the traditional LSM and the conjugate gradient algorithm. The proposed algorithm 

reduces the computational time with about 30% of the used time. 

4.4  Tests on Synthetic and Field Data 

The least-squares reverse-time migration scheme has been extended from cartesian to 

pseudodepth coordinate systems, by introducing a mapping function, mapping velocity and then 

the pseudodepth domain wave equation. As previously mentioned, to achieve accurate LSRTM, 

usually we start with reverse-time migration image as initial reflectivity model but before 

implementing the imaging conditions and the least-squares theorem, the Born modeling 

operation is projected into the pseudodepth domain as previously described via the finite 

difference scheme section. 

The first example is the synthetic isotropic medium Marmousi ii velocity model. Figure 4-

2 through 4-7 represent part of isotropic Marmousi ii velocity model, which has complicated 

geological structures usually misguides the process of seismic migration. All migration results 

are obtained while using ABC absorbing boundary conditions as in Figure 3-3. Figure 4-2(a) 

shows the initial velocity model, and Figure 4-2(b) is its smoothed migration velocity by using 

8-points triangular filter. Since the vertical time derived from this velocity model has very 

ragged curvatures that may pose stability difficulties for the pseudodepth domain extrapolation. 

This part of the model is characterized with complex geological structure which also reflects 

daily geophysical difficulties in seismic industry. The ricker wavelets that are used in both 

Reverse-Time Migration and pseudodepth domain LSRTM modelling has maximum 

frequencies of 25.00 Hz. I used for migration process in this simulation, an extension of 

Equation (4-7) which is referred as the Two-Way Wave Equation, that is described carefully in 

Ma and Alkhalifah [16]. Figure 4-3 is the first finite-difference wavefield modelling of the 

cartesian-based migration, and it represents a snapshot at the moment of the exploding source. 

Figure 4-4 is the velocity field used for pseudodepth migration which is obtained after 

interpolating the velocity field through cartesian- pseudodepth domains mapping function and 
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velocity, that is extracted from the original cartesian-based velocity model, the vertical axis is 

denoted as tau which is another nomenclature for our pseudodepth domain. Figure 4-5 is 

isotropic acoustic wavefield modelling by finite difference scheme extracted in pseudodepth/tau 

domain which shows distorted waves along the entire model since the moment of the explosion. 

Once the migration obtained in the pseudodepth domain, then we convert it back to cartesian 

counterpart through an inverse procedure to apply cartesian-based migration as in Figure 4-6 

(a) and (b). The model is discretized with 751 samples in depth and 501 samples in vertical 

time. The mapping velocity mv is smoothed from true velocity by using 8-point triangle filter. 

Several papers in the recent years have reported an instability in the cartesian-based P-wave 

modelling that is based on the acoustic approximation of the wave equation for an in-

homogeneously transversely isotropic media with tilted symmetry axis (TTI media), then it had 

been studied and solved partially by Bakker & Duveneck [77] for the wavefield modelling in 

Cartesian coordinates. The optimization of this type of migration (i.e. LSRTM in pseudodepth 

domain) boosts the efficiency of computational time with about 40% more than the 

conventional LSRTM procedure. The comparison between Figures 4-3 and 4-6(a) shows that 

the imaging results of in the cartesian converted back wavefield have more amplitude clearer 

than the first wavefield modelling. 

          

(a) 
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(b) 

Figure 4-2   (a) Part of the isotropic Marmousi II velocity model with complex geological structure. 

(b) Migration velocity model for the 1st Cartesian wavefield extrapolation 

 

Figure 4-3   1st wavefield extrapolation pre-stack LSRTM image in Cartesian coordinate system 

with some sharp and strong reflector’s position 
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Figure 4-4   Smoothed velocity field mapped into the Pseudodepth domain 

 

Figure 4-5   Wavefield extrapolation of pre-stack LSRTM image in Pseudodepth domain with some 

sharp reflector’s position 
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  (a) 

 

 (b) 

Figure 4-6   (a) 2nd Migration velocity after conversion from Pseudodepth to Cartesian domains. (b) 

2nd Cartesian-based wavefield extrapolation after converted back from Pseudodepth Domain 
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    We can see that conversion between the two different coordinate systems does not affect 

the final outcomes severely as long we indicate the actual cartesian-based sampling numbers

751n = , thus aliasing can be easily overcame when applying LSRTM scheme. 

A reason for the wide range of migration algorithms used in the industry today is that none 

of the algorithms fully meets the important criteria of handling all dips and velocity variations 

while still being cost-effective. Numerical solution of hyperbolic wave equation is expensive 

and not easy to compute for large 3D. But this problem can be solved by: (i) high-order finite-

difference scheme, (ii) variable grids and pseudo-spectral methods. Then that raises the question 

how to remove the artifacts generated in the real application of reverse-time-migration. 

In a similar manner wavefield extrapolation in pseudodepth domain can be easily extended 

from isotropic to anisotropic media and will obtain very similar results. Figure 4-7 shows, an 

implementation of wavefield extrapolation in anisotropic media from SEG/HESS datasets. The 

propagation of the quasi-acoustic waves is characterized by three parameters: vertical P -wave 

velocity vv , NMO velocity v  and the anellipticity. For example, the anisotropic parameters 

of the SEG/Hess model are shown in Figures 4-7(a) to 4-7(c). 

 

(a) 
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(b)  

 

(c) 

Figure 4-7   Portion of SEG-Hess anisotropic-media synthetic velocity model. (a) the Vertical 

velocity, (b) the NMO velocity v , (c) the


anisotropic parameter 
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In Figure 4-8, the vertical velocity in 4-8(a) is in the Cartesian coordinate system, and in 

4-8(b) is on the pseudodepth mesh. The migration images are shown for Cartesian coordinate 

system in Figure 4-8(c) and in pseudodepth domain as in Figure 4-8(d). And Figure 4-8(e) is 

the image in Figure 4-8(d) interpolated to the Cartesian domain. The anisotropy model is 

discretized with 601 samples in conventional depth domain and reduced to 501 samples in 

vertical time or pseudodepth domain. The mapping velocity is smoothed from true velocity by 

using 8-points triangle filter. 

 

(a) 

 

(b) 
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(c) 

 

(d) 
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(e) 

Figure 4-8   Pseudodepth domain wavefield extrapolation implementation on SEG/HESS 

anisotropic dataset. (a) SEG/HESS migration velocity anisotropic velocity model in cartesian 

coordinates. (b) The migration velocity model converted to the pseudodepth domain. (c) 1st wavefield 

extrapolation in Cartesian domain with some sharp and strong reflector’s position. (d) wavefield 

extrapolation in Pseudodepth domain using Equation 3-15 with some sharp and strong reflector’s 

position. (e) 2nd wavefield extrapolation in Cartesian coordinate after converted-back from 

Pseudodepth domain. 

Figure 4-9 demonstrates application results of LSRTM in pseudodepth domain on a field 

data from 2D land seismic survey in P.R. China using isotropic media pseudodepth domain-

wave Equation 4-7. The migration velocity model is demonstrated in Figure 4-9(a). After the 

conversion to the pseudodepth domain via the previously mentioned mapping function and 

mapping velocity, the model becomes slightly distorted shown as Figure 4-9(b). This velocity 

model covers 20km laterally with sampling interval of the order of 20 meters in addition at the 

vertical axis, depth reaches up to 7km to subsurface with depth sampling interval of 4 meters. 

A total number of over 500 shot gathers are modelled by the linear modeling. Each shot gather 

has about 320 traces. The shot points are distributed over the entire model with interval of the 

order of 40 meters. The total record length is 6000 ms with 4.00ms time sampling interval. 

LSRTM in pseudodepth domain after over 20 iterations of calculation became, 
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dramatically, improved migrated section shown as Figure 4-9(c) shown. Diffraction waves got 

collapsed precisely beside artificial has been removed. In addition, migration result is 

characterized by more balanced amplitudes which make the image very close to represent the 

true reflectivity model of the subsurface. LSRTM result is finally converted back to depth 

domain shown as Figure 4-9(d). Comparing with velocity model, it is seen that LSRTM image 

represents the geological structure exactly with highly preserved-amplitude which is very easy 

to interpret. The famous Claerbout [78] principle of reflector’s position states that the reflector 

exists when the down-going and the up-going wavefields meet. We see clearly that in Sigsbee, 

Marmousi and SEG/HES wavefield models that there exist several contacts between the up-

going and down-going wavefields which indicate accurately the true position of reflectors. 

This LSRTM simulation is obtained from a high-performance PC cluster as in the former 

case. The pre-stack LSRTM in pseudodepth domain for portion of Marmousi ii velocity model 

above occupies about 0.4403 GB of memory, in this case, which is lower than the order of 

0.6508 GB memory that is required by the conventional counterpart and minimizing 

computational time from 50 to 22 minutes. For SEG/HESS anisotropic-media model pre-stack 

LSRTM wavefield extrapolation in cartesian coordinate system takes about 0.220 MB and 15 

minutes, while pre-stack LSRTM wavefield in pseudodepth domain takes around 0.183 MB 

and 10 minutes. In terms of computational-time for the 2D field data, the proposed LSRTM in 

pseudodepth domain algorithm takes around 13.0 hours, 12.00 GB memory and it is reducing 

the cost significantly comparing with conventional LSRTM results which is on the other hand 

takes about 25.0 hours and 21.50 GB memory on a high performance PC cluster. These 

experiments show the advantage of applying LSRTM in pseudodepth domain algorithm and 

may be highly efficient in terms of memory and time when processing other complex media - 

field data in industry. At a reduced cost, the Finite-Difference operator acts on the modelled 

data, producing accurately similar results to the classical one, yet some amplitude differences 

are appeared due to various implementation issues and oversampling effects. Field results 

support that the domain transformation strategy effectively reduces the computational time 

without affecting the accuracy of the conventional LSRTM results. 
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(a)                                         (b)                            

       

(c)                                         (d) 

Figure 4-9   Application of the pre-stack LSRTM on 2D field data by using the pseudodepth 

domain wave equation [8]. (a) velocity model in cartesian coordinate system. (b) velocity model in 

pseudodepth domain. (c) pre-stack LSRTM image in pseudodepth domain. (d) LSRTM after 

transformed inversely to the cartesian coordinate system. 

4.5  Summary 

By the proposition of the pseudodepth domain migration algorithm, the concept of vertical 

time coordinate frame and the wave equation in the new coordinate frame test on synthetic and 

field data showed the advantages of LSRTM in pseudodepth domain together with conjugate 
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gradient method when comparing with conventional least-squares reverse-time migration. 

LSRTM produces high resolution image without artificial and preserved-amplitudes. The 

approach of implementing LSRTM in pseudodepth domain efficiently minimizes the 

computational cost and the occupied memory in addition, computational efficiency can be 

further improved by reducing total iteration times within the conjugate gradient algorithm. In 

field data processing, computational cost still remains a huge barrier to the application of this 

LSRTM algorithm, especially for the 3D case of seismic data. From isotropic to anisotropic to 

media, wavefield extrapolation in the pseudodepth domain have presented significant 

improvements for seismic migration in terms of occupied memory and computational time of 

the migrated data sets. 
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Conclusion and Overall Understanding 

In 2003, 2004&2005; Alkhalifah, Sava and Fomel, proposed tau migration and the 

wavefield extrapolation in Riemannian coordinates’ theories, respectively, which gave rise later 

to the concept of least-squares reverse-time migration in pseudodepth domain in recent years, 

that can solve the current problem of excessive computational time and memory. Least-squares 

reverse-time migration theory points out that as long as the finite difference modelling can be 

achieved in many different domains, then a new wave equation can be extrapolated in the 

pseudodepth domain that is related to the cartesian counterpart through a mapping function, 

which in turn is used to project the transformed signals onto a pseudodepth domain, and then 

solve it in cartesian domain as an optimization problem, can reconstruct the same high quality 

migration results in fewer time. 

Under this theoretical framework, the migration is no longer suffers from weak amplitude 

and high computational costs, but largely depends on two fundamental criteria of the 

pseudodepth domain LSRTM which are; mapping function and pseudodepth domain wave 

equation finite difference solution. After converting velocity field from depth domain to pseudo 

domain, total vertical sampling number gets much reduced. Therefore, oversampling effect can 

be avoided when calculating wavefield in pseudodepth domain, which leads to higher efficiency. 

Test result on synthetic data and field data demonstrates the validity and effectiveness of 

LSRTM in pseudodepth domain. 

By converting the wave equation into the pseudodepth domain, the mapping function that 

projects the two coordinate systems, is derived from the laplacian operator, its associated metric 

tensor and its determinant. The method is practical and simple to control, then the LSRTM of 

isotropic medium case can be carried out to correct the amplitude. 

Taking the LSRTM theory as the basic framework, this thesis studies the applicability of 

a proposed migration algorithm based on the RTM wave equation in the pseudodepth domain 

and LSM methods, thus the feasibility and effectiveness of the two cores are as follows: 

1. The underground media faced by seismic exploration often include low-velocity 

interfaces or reflectors, undulating surfaces, high-steep structures and pore-fracture units. When 

simulating seismic wavefields in these areas, in order to ensure the simulation accuracy and 
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calculation stability the grid spacing needs to be very small., which leads to the local 

oversampling problem of conventional finite-difference forward modeling methods based on 

Cartesian coordinate system. Therefore, on the basis of previous research, this thesis introduces 

the idea of pseudodepth conversion into the forward simulation, and uses the gradient and 

laplacian operator in the Riemannian space to derive the velocity-stress equation in the 

pseudodepth domain, and realizes the pseudodepth domain seismic forward modeling. 

2. Due to the high computational costs of conventional least-squares reverse-time 

migration, several algorithms has not been widely used yet in industry, however with the 

introduction of advanced computation clusters it is possible to perform Elastic-RTM then 

Elastic-LSRTM in pseudodepth domain for both 2D and 3D seismic data and obtain its results 

for reservoir description and reservoir monitoring since the demands for true amplitude high-

resolution imaging is still growing steadily and LSRTM in pseudodepth domain is an effective 

way to solve this problem. 

3. The basic theory of least-squares reverse-time migration is introduced as a combination 

of RTM and LSM schemes which is discussed and presented. Least-squares reverse time 

migration (LSRTM) is an inversion based method which can remove artificial imaging and 

produce highly preserved-amplitude reflectivity model. LSRTM algorithms have shown 

significant advantages in complex geology areas however, it needs the solution for Hessian 

matrix in an iterative approach. Huge requirements of computational quantity and memory 

storage can be an obstacle that is limiting this approach’s application in industry. LSRTM in 

pseudodepth domain together with conjugate gradient method was provided here to minimize 

calculation time while maintaining its precision. 

The fact that we do not sample the earth’s subsurface regularly in mathematical sense to 

deal with illumination variability and deficiency tells; we will never collect enough seismic data 

from the subsurface [82]. The previous research goals have more effective regularization 

methods that can correct the amplitude of the RTM image and more insightful look about the 

recent progress in seismic waves propagation and imaging can be seen in Li and Qu (2022) [83]. 

The success of these studies can make pseudodepth domain LSRTM imaging of primary 

reflections very efficient in wavefield migration imaging and it can replace cartesian-based 

LSRTM primary wave imaging fundamentally.
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