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Abstract

An optimal perturbation is an initial condition that optimizes amplitude growth

over a prescribed time in a linear system.  Previous studies have argued that optimal

perturbations play an important role in turbulence.  Two basic questions related to this

theory are whether optimal perturbations necessarily grow in all turbulent background

flows, and whether the turbulent flow necessarily excites optimal perturbations at the rate

required to account for the observed eddy variance.  This paper shows that both

questions can be answered in the affirmative for statistically steady turbulence.  The

argument put forward here is independent of any closure theory of turbulence.  In

essence, the result follows from the fact that statistical equilibrium and conservation of

energy require the presence of optimal perturbations (with respect to the energy norm). 
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1 Introduction

The concept of an optimal perturbation was introduced by Lorenz (1965) in his

analysis of forecast error growth in dynamical systems.  In essence, Lorenz posed the

problem of finding the infinitesimal initial condition that maximized perturbation

amplitude in a dynamical system at some prescribed lead-time.  The solution to this

optimization problem, for any norm for measuring amplitude, can be reduced to a

singular value decomposition of a suitable propagator.  The singular vectors give an

orthogonal set of initial conditions that optimize amplitude, ordered such that the leading

vector maximizes amplitude growth over all initial conditions, the second vector

maximizes amplitude growth over all initial conditions orthogonal to the first, and so on.  

In a series of papers, Farrell (1982, 1984, 1985, 1988, 1989) argued that optimal

perturbations could account for a wide variety of observational features of cyclogenesis,

including the appearance of an upper level trough overtaking a surface depression prior

to cyclogenesis, and growth rates in excess of unstable normal modes.  Farrell and

Ioannou (1993b) argued that optimal perturbations could account for the development of

eddies in viscous shear flow, and for the maintenance of pipe turbulence.  Farrell (1988),

Butler and Farrell (1992), Farrell and Ioannou (1996), and Schmid and Henningson

(2001) have argued that optimal perturbations are important for transition to turbulence.  

Despite the wealth of evidence presented in the above studies, there still remain

unresolved issues regarding the importance of optimal perturbations in turbulence.  First,

nothing in the calculation of optimal perturbations ensures that they necessarily grow in
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turbulent background flows.  Although all studies of which we are aware indicate that

growing optimal perturbations exist in realistic turbulent flows, there does not seem to be

a proof that this must be so.  Second, even if growing optimal perturbations exist,

nothing in their calculation ensures that they will be excited at a rate necessary for them

to play a significant role.   Indeed, optimal perturbations are sometimes said to be

“unrealistic”  in the sense that they explain relatively little variance in a turbulent eddy

field.  If the energy of optimal perturbations is too small, then their importance to

turbulence becomes questionable.  

Whether growing optimal perturbations exist, and whether they are excited at the

rate required to account for the observed eddy variance, depends on the eddy statistics of

turbulent flows, for which no comprehensive theory exists.  Consequently, it might

appear that the above questions cannot be answered in the absence of a complete theory

of turbulence.  It turns out, however, that both questions can be answered in the

affirmative for statistically steady turbulence.  In essence, the result follows from

conservation of energy– eddies can maintain their energy level against dissipation only if

they extract energy from the background flow, but extraction of mean energy requires the

presence of “ instantaneous optimals,”  which in turn compels the existence of optimal

perturbations.  Our argument is exceedingly simple, but seems to have gone unnoticed. 

In the interest of presenting a self-contained argument, we first review the classical

theory of optimal perturbations in the next section, then present our main argument in

sec. 3.  We conclude with a physical interpretation of the results.
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2 Brief Review of Optimal Perturbations

The concept of an optimal perturbation arises when one considers the maximum

growth of an initial condition in a linear system.  By linear system we mean that the state

vector g(t) is governed by a set of differential equations of the form

where the dot denotes a time derivative and L is a dynamical operator.  As is well known,

the solution to the differential equation (1) at time t, denoted gt , can be written as

where  is a time dependent matrix called the propagator.  Without loss of generality, we

always choose the initial time at t = 0.  Among many possibilities, the amplitude of gt can

be measured by the sum square elements gt
Hgt, where superscript H denotes the conjugate

transpose.  The growth of a perturbation then can be measured by the ratio of amplitudes

This ratio, called the amplification factor, is in the form of a Rayleigh quotient.  It

follows from well known properties of the Rayleigh quotient (Noble and Daniel 1988)

that this ratio is optimized by the eigenvectors of H .  More precisely, the eigenvectors
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of H  form an orthogonal set that can be ordered by their amplification factor.  The

leading eigenvector optimizes  over all initial conditions, the second optimizes  over

all initial conditions orthogonal to the first, and so on.  These eigenvectors, called

optimal perturbations, also are the right singular vectors of .  The left singular vectors

give the final states into which the corresponding right singular vectors evolve. 

Within the class of all optimal perturbations, two types appear to have special

significance: global optimals and instantaneous optimals.  A global optimal is the initial

condition that maximizes amplification over all possible lead times.  Accordingly, the

global optimal gives the upper bound on growth.  An instantaneous optimal is the initial

condition that maximizes the instantaneous growth rate at zero lead time.  If the

amplitude gt
Hgt at time t is Et, then the tendency equation for Et derived from (1) is

The amplitude growth rate is then given by the ratio

The right hand side of (5) is a Rayleigh quotient, from which it follows that the

eigenvectors of L + LH define an orthogonal set of vectors that optimize .  These
�

E/E

eigenvectors, called instantaneous optimals, have been discussed by Farrell and Ioannou
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(1994b) and Schmid and Henningson (2001, pg. 189).  If L is independent of time, then

the instantaneous optimals also are independent of time, in which case the instantaneous

optimals give bounds on the growth rate at any instant in a perturbation’s evolution.   

We now prove the following fundamental fact: if all instantaneous optimals decay,

then all optimal perturbations decay.  Equivalently, if a growing instantaneous optimal

exists, then a growing optimal perturbation exists.  This result reveals the fundamental

importance of instantaneous optimals– they determine whether growth is possible,

regardless of lead time.  The proof of these statements is simple.  If all instantaneous

optimals decay for a given L, i.e., L + LH has only negative eigenvalues at each point in

time, then  is negative for all possible solutions at each point in time.  It follows that Et

�
E

is a decaying function, so that  = Et / E0 < 1-- only decaying solutions exist.  If a

growing instantaneous optimal exists at the initial time, i.e., L + LH has a positive

eigenvalue at t = 0, then  is positive for some state, and Et increases for this state; i.e, 
�

E

= Et / E0 > 1-- a growing optimal must exist  These results demonstrate that the existence

of growing instantaneous optimals compels the existence of growing optimal

perturbations.
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3 Main Result

Nothing in the above procedure for obtaining optimal perturbations guarantees

that the resulting perturbations actually grow in a background state that supports

turbulence.  Such a demonstration would appear difficult in the absence of a theory for

the eddy statistics of a turbulent flow.  In the case of statistically steady turbulence,

however, conservation of energy requires the presence of instantaneous optimals,

independent of any closure theory.  To demonstrate this, a concrete turbulence model

must be defined.  In this section, we first define a general class of turbulence models,

then we show that the equations linearized about an appropriate basic state must support

growing optimal perturbations.

We consider only discretized forms of the fluid dynamical equations, which,

following Lorenz (1963), can be written in the form

where c is a vector associated with forcing, D is a matrix associated with damping, and

Nijk is associated with nonlinear interactions.  (A minor technicality is that D also arises

from advection of planetary vorticity– “beta effects”-- but the associated operator is skew

symmetric and hence does not affect energy.)  In the absence of forcing and dissipation,

the system conserves energy.  Energy can be written as E= gHMg, where M is a positive

definite matrix.  The variable g can be transformed into a new variable, g �, such that the
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energy is the Euclidean norm E= g 6 Hg 7 .  Under such a transformation, it can be shown

that g 8 satisfies an equation of the same form as (6), but with suitably modified c, B, Nijk . 

Thus, without loss of generality we assume E = gHg, i.e., M = I.  

The fact that gHg is conserved in the absence of forcing and dissipation implies

for all vectors g.  This sum depends only on the i-index, so Nijk = Nikj.  Furthermore, by

assuming g to be nonzero only at one, two, or three arbitrarily selected components, we

may prove that the energy conservation law (7) implies that Nijk vanishes if any two

indices are equal, and that Nijk + Njki + Nkji = 0 for any three indices i, j, k.

In quasigeostrophic systems, and under certain boundary conditions, the nonlinear

terms also conserve a second quadratic quantity, namely potential enstrophy.  Enstrophy

can be written as S = gHZg where Z is a positive definite matrix.  Conservation of

enstrophy constrains the nonlinear terms in an way analogous to energy conservation.

Following routine procedure in turbulence problems, the flow is decomposed into

mean and fluctuating components.  Let the mean be represented by 9 g :  and deviations

therefrom be g ; .  Substituting into the full equation (6) givesg < = g > ? g @
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where 

The operator L is the linearized dynamical operator.  The trace of L equals the trace of D,

since Nijk vanishes if any two indices are equal.  It follows that the trace of L is negative,

since D is negative definite owing to its association with dissipative processes.

Now consider defining the mean by the ensemble average.  In statistical

equilibrium, both `  g a  and the term in parentheses in (8) also is constant, which may be

denoted as i.  The equation for a general quadratic form gHMg derived from (8) is

For quasigeostrophic systems, the third order terms (last term in (10)) conserve energy

and potential enstrophy, which we denote by E = gHg and S = gHZg.  Thus, the third

order terms vanish in the case M = I (energy) and M = Z (potential enstrophy).  After

averaging over an ensemble of turbulent eddies, the left hand side of (10) vanishes, and

the linear terms in (10) vanish, leaving the following equilibrium conditions
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These equations state the standard result the energy and potential enstrophy extracted

from the mean flow must balance the losses by the explicit damping.

From an algebraic point of view, the equation gH (L + LH) g = c, where c is

constant, has nontrivial solutions only if the matrix L + LH has at least one eigenvalue

with the same sign as c (Noble and Daniel 1988, ch. 10).  Assuming that L + LH does not

have multiple eigenvalues that vanish identically, gH (L + LH) g must fluctuate about zero

to satisfy the equilibrium condition (11).  This fluctuation implies that g projects

alternately on the eigenvectors with positive and negative eigenvalues.  Owing to the

stability of L, the matrix L + LH has at least one negative eigenvalue, and in fact the

majority of eigenvalues often are negative.  Also, from the previous section, we learned

that the eigenvectors of L + LH are the instantaneous optimals.  These considerations lead

to the following necessary conditions for statistical equilibrium: (1) the operator L + LH

must possess positive eigenvalues, and (2) the perturbations g must project on average

onto the growing instantaneous optimals, at an amount sufficiently large to compensate

the average projection onto the decaying instantaneous optimals.  Thus, stationary

turbulence must contain the instantaneous optimals of energy and enstrophy, with

amplitudes sufficient to balance the energy and enstrophy decay by all other eddies.

These conclusions are exact and independent of any closure theory. 
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4 Discussion

The above result may be interpreted physically as follows.  The equilibrium

condition (11) states that the energy extracted from the mean flow must balance the loss

by diabatic processes.  However, the set of all instantaneous optimals with positive

growth rate define the complete subspace of perturbations that are capable of extracting

energy from the background flow– any other perturbation orthogonal to this subspace can

only decay.  It follows that turbulence may be maintained against dissipative mechanisms

only if the instantaneous optimals exist, and only if they are excited at a rate that

precisely balances the excitation of all decaying instantaneous optimals.  Furthermore,

the existence of such instantaneous optimals compels the existence of optimal

perturbations that amplify in finite time.  These arguments therefore establish that

optimal perturbations (with respect to the energy norm) must exist as a significant

component in turbulence.   The fact that optimal perturbations have strikingly different

appearance from structures which explain significant variance (i.e., empirical orthogonal

functions) does not constitute a valid criticism against the importance of optimal

perturbations.  Indeed, the discrepancy is an anticipated consequence of large

amplification factors.  That is, if the dominant eddies of a turbulent flow can be

identified with “evolved”  optimal perturbations– that is, with the optimal perturbations at

the time of maximum amplification– then the initial condition which gives rise to these

perturbations must have smaller energy content by a fraction equal to the amplification

factor.   The larger the amplification factor, the less energy required in the initial

condition to account for the observed eddy energy.
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